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CHAPTER I 


THE NUMBER SYSTEM 


$L An understanding of the processes of this book can 
only follow an exact knowledge of the number system of 
ordinary algebra, A discussion of the number system in any 
completeness would consume so large an amount of space and 
require so much detailed study that it is thought inadvisable 
here. A knowledge of the rational numbers as an ordered 
set together with the fundamental operations on them will 
be assumed. The theory of infinite series is, however, so 
closely connected with the theory of irrational numbers, that 
in order for the following work to be logically complete, 
definitions and a short discussion of the irrational numbers 
are given following Dedekind.* 


§2. The Irrational Numbers. 


Begin with the rational numbers, that is the integers, zero, 
and the rational fractions. ‘They are ordered. The notion of 
order is assumed as fundamental; and given any two rational 
numbers, NW, and N,, we know how to tell which is of the 
higher order. If WV, is of higher order than V, 1 we say that 
N, is larger or greater than N, or that N, is smaller or less 
than N,. 

Any particular one of the rational numbers, JV, divides the 
entire set of rational numbers into two classes, c, and e, 
c, those which are smaller than A and c, those which are 
larger than W. WW itself can be arbitrarily assigned to either 
class. Every number in c, is smaller than any number in c,. 


We say that by means of V we have formed a section of the 
rational numbers. More generally— 


Definition 1. Whenever, by any method the rational num- 
bers are divided into two classes, c, and €, such that o) con- 
* See, for example, R. Dedekind, Stetigkeit und irrationale Zahlen, or almost 


any book on ‘Functions of a Real Variable’, 
3627 B 
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tains at least one rational number and c, at least one rational 
number and, such that any rational number whatever lies in 
either c, or c, and, such that every rational number in cy is 
greater than any rational number whatever in ¢,, & section of 
the rational numbers is suid to have been formed. 

There are other ways to form sections than that explained 
above by means of the rational number N. 1t is to be noted 
that in the type of section generated that way, either e, has 
a largest rational number or c, a smallest, namely the number 
V itself. An example of a different type of section will now 
be given. ‘There is no rational number which, when squared, 
yields 2.* 

We let c; contain all rational numbers less than or equal to 
0 and each rational number greater than 0 whose square is 
less than 2, c, all positive rational numbers whose squares are 
greater than 2. As positive rational numbers have the same 
order as their squares, we have formed a section. Moreover, 
given any rational number whatever, it is possible + to find, 
(a) another smaller rational number whose square is greater 
than 2 or, (b) another larger rational number whose square is 
less than 2, Consequently, c; has no largest rational number 
nor c, à smallest. This characterizes the section as being of 
a different character than those generated by means of the 
rational numbers themselves. 

A new set of objects, the real numbers, is now defined. 


Definition 2. To every section (Ci, C) of the rational 
numbers generated in any manner whatever, there corre- 
sponds a real number. The number itself can be thought of 


2 
* Assume (7) = 2 where p and g are integers with no common factor 


other than 1, Then p? = 2q? or p? is an even integer. Hence, as no odd 
integer when squared yields an even integer, p is even, Call it 2k. Then 
q? = 2k* and consequently q is even, In other words p and g have the 


factor 2 in common, which is a contradiction. 

+ If k is any positive rational number such that k? < 2 and if? = 2 $ 
then l> k but 2 « 2 and if &? 2» 2, 1L k but 2 2. 

These conclusions are drawn from the relations 1 — k = 2 (2 — &5/(8 24) 
and 2— B — (8— k5/(8.- 2 ky". 
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as the section itself, as the class c, of the section, or more 
simply as the symbol that we write. 


Definition 3. In case the section is not made by a rational 
number, NV, that ds im cuse ¢, contains no largest rational 
number nor c, a smallest rational number, the real number 
is said to be irrational. 


Definition 4. n case c, has a largest rational aumiber or 
c, a smallest, the real number is said to be rational und to 
correspond to the rational number forming the section. In 
the study of infinite series the two can be considered ag 
identical * and will be so considered here. 


Theorem 1. The sel of real numbers can be ordered. 
PROOF : (1) The rational numbers are already ordered. 


(2) An irrational number formed by the section (c,, v,) is 
ordered with reference to the rational numbers as follows: 
It is larger (of higher order) than any rational number lying 
in c, and smaller (of lower order) than any rational number 
lying in c;. 

(3) Two irrational numbers formed by (c,, c) and (cf, c7) 
which we denote by C and C" respectively, aro said to doite 
if every rational number in c, lies in vj and every rational 
number in c, lies in c and conversely. Asa matter of fact 
if the classes e, and ej contain identical elements, c, and i 
necessarily do also and the numbers coincide. ? : 


(4) Assume the numbers C and C" different. A certain 
rational number which we eall « lies in c, and not in c/ or in 
ci and not in¢,. Assume the first. Then n necessarily lies 
ince. Hence, by (2) O is greater than n and C’ less, We 
agree that C' shall be less than C. A definite order is thus 
established between C and O’. Moreover, if a third number 
C" is greater than C it is also greater than C'; because c7 
will contain a rational number not in c, and hence not in i 


b Tho rational real numbers are a sub-set of the real numbers. If a detailed 
üiseussion of the operations on the numbers were made here, it would be 
seen that in the sense of isomorphism, this sub-set ig i i i 

1 - s id 
NT j identical with the 


B2 
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‘A definite order is thus set up among the elements of the 
entire set of real numbers and is adopted. 

Observe that just as any rational number makes a section 
of the rational numbers, so any real number makes & 
section of the real numbers. Moreover, there can be no other 
method of making a section of the real numbers; because any 
such section would necessarily be also a section of the 
rational numbers and hence by definition would define a real 
number. 

The notation >, =, <, for greater than, equal to, and less 
than, or the combined symbols, <, 2, have an ordinal inter- 
pretation. There is no reference to measurement, although 
they may be applied to problems in measurement, and 
problems in measurement may be introduced for purposes of 
illustration. Indeed, the real numbers can be referred to as 
points on a line or as line segments, and applications in 
geometry be made. It should be borne in mind, however, 
that the facts are arithmetic ones concerning the elements of 
a certain ordered set. 

The operations of arithmetic should now be defined on the 
system of real numbers. These definitions are omitted. The 
fundamental laws which the operations obey are undoubtedly 
familiar to the reader. A discussion of the call for the 
definitions and a proof of the various laws, although neces- 
sary in a complete discussion of numbers, is not, like the 
nature of the irrational numbers, an essential introduction to 
infinite series, The facts of the laws of combination are the 
important thing. These are well known to every reader of 
these pages. A logical discussion is available in various 
books. 


§ 3, The Complex Numbers. 

The passage from the real to the complex number system 
is a simple process and is generally given fairly well in 
elementary books, where the most usual graphical representa- 
tion by means of the Gauss plane is also explained. We 
shall use the notation, |æ |, to denote the absolute value or 
modulus of a. 
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There are two inequalities which will play so important 
a role in the subsequent discussions that they will be proved 
here. Due to their simplicity and frequent occurrence, 
reference to this proof will generally not be given. 


Theorem 2. HYPOTHESIS: A and B are any complex 
numbers whatever. CONCLUSION: 
a) 'AcB[S|A| * 4B], 
(2) lAi-1BI S|A- Bl. 
To prove (1), les A =a+bi and B=¢+di where a, b, ¢, d 
are real, and assume the contrary to the inequality ; that is, 
Viaut 4- (b4- d)? > Va p Dip v o d. 
From this follows 0» (ad — bc)?, which is absurd. 
To prove the second, let 
A’+B’ = A and B’ = — B; then, 
|A’4 B’| S| A’| + |B’; that is, 
iA| E | A B| & | B|, from whieh 


(3) [A|-|B| S | A4 B]. 
And in an exactly similar manner, 
(4) |B| -|4|S|]4+3B|. 


But | 4| — | B|| equals either | 4| 2| B| or | B] —] A. 
Consequently, (2) follows from (3) and (4). 

If A and B are marked as points in the Gauss complex plane 
these inequalities imply the well-known geometric theorem : 
One side of a plane triangle is longer than the difference of 
the other sides but shorter than their sum. 


EXERCISES 
l Prove that there is no rational number which, when 
raised to the n-th power, « an integer other than 1, yields 2. 
2. Generalize the theorem of Exercise 1 and prove your 


generalization, 


3. Use your results in the last exercise to form sections of 
the rational numbers and thus define certain irrational real 
numbers, 
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4, Assuming the operations of addition, subtraction, multi- 
plication, and division of rational numbers, give exact 
definitions for these operations on the real numbers. 


5. Using your definitions in Exercise 4, prove addition of 
real numbers commutative. 


6. State and prove other laws for real numbers. 
7, If aand bare positive rational numbers and k is a positive 


integer, after making necessary definitions, prove Va = Yb 
according as a Z b, 


8. Show how any process that yields an unending decimal 
fraetion ean be used to form a section of the rational numbers, 
and hence to define a real number. 


9. Assuming the real numbers, explain a method for the 
formation of the complex number system. 


10. Define the usual operations of arithmetic on the com- 
plex numbers, and prove the commutative law of multiplica- 
tion, 


11. State and prove other laws for operating with complex 
numbers. 








12. Prove: 
jal=|-a|; |a—b]=|b-a); 
= leis 2 = 2) poy: 
ll=la li p m [gp hts 
[ty Oye eee, [=] ay [+ s bes] 
18. Prove: 


Ifi|~—0|< A and |b-c¢| < B, then |a—e| « A4 B. 
14. Prove: 
[lab] |a-5|] 2 2[1a 0991. 


le ut Gn KE, ah om t R5 





CHAPTER II 


SEQUENCES 


$1. Sequences and Series. 


Definition 5. We say that we have a simple infinite 
sequence of mumbers, or briefly an infinite sequence ; af when 
any particular positive integer, n, is given, there exist certain 
prescribed gules or conditions by which a particular number 
a, is determined. 


It is not essential that the actual determination of a, be a 
practical process or even a possible one; but simply that 
when the integer is given, we are assured that there corre- 
sponds a unique number. Nor is it essential that the 
numbers, 7, be the positive integers. They may be any set 
of numbers in one to one correspondence with the positive 
integers. 


Definition 6. The numbers (1) t, ap Gy, where the 
dotted line means continued indefinitely, that is as far as 
desired, is called an infinite series. 

The distinction between series and sequences is not always 
sharply drawn. The distinction as here drawn and which 
will be adhered to, is largely one of point of view. When the 
word sequence is used the attention is fixed on one of the 
numbers at a time; whereas when the term series is used 
the attention is fixed on the set of numbers rather than on 
particular ones, Thus a number a, is called a term of the 
series (1). The terms of the series constitute a sequence. 


Dofinition 7. A sequence, s,, is said to approach a number 
s as a limit when n becomes infinite ; if, given any particular 
positive number whatever, e, it is possible to find œ positive 
number, M, such that, when n 2 M,|s,—8| < e 


We shall denote this by lim s, — s, or simply by $, — & 


It is to be noticed that no restriction is placed on e other 
than that it be positive. The interesting fact, however, is that 
it can be made as small as desired. 
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§ 2. Fundamental theorems on sequences, 

Theorem 8. HYPOTHESIS: s, —>s8, and ¢,—>8,. CONCLU- 
SION: 8, = 8). 

PROOF: Suppose the theorem not true and let 
(1) |3,-8,| = a@ > 0. 

Let a fixed number ¢ be chosen such that 0 < « <a. From 
Definition 7 it is possible to find an M > 0 and an M’ z M, 
such that when » = M, 


' € 
[8&—8&,] « $ and when « z JAM, 


[s>s] <$. But, 


81—83 = (81 — 8n) — (S2 — Sp). Hence, 
(2) [5 -$| S |$ —s,| 18, —8,| « e when » z M*. 
(1) and (2) are impossible simultaneously. Hence, s, — s,. 


A different wording of this theorem is: It is impossible for 
a sequence to have two distinct limits. 


Theorem 4. HYPOTHESIS: s, = s, a fixed wwmber. CoN- 
CLUSION: 5, —> 8. 

PROOF: Letany e > 0 be given, then |s,—s 
constitutes proof. 





= 0 < e, which 


Theorem 5. HYPOTHESES: (i) s„—> 8; (ii) c is constant. 


CONCLUSION : 68, —» C$. 
PROOF: Assume c Æ 0, and let e > 0 be given. Choose M 
€ 
so large that when n » 4, |s,—s|« per Then, 
| os, ~ 08 | = le|[s,—8| & €; 


which constitutes proof. In case ¢= 0 this theorem falls 
under the préceding. 


Theorem 6. HYPOTHESIS: s,—>s. CONCLUSION: Ii is 
possible to find a fixed number G such that |s,| < & always. 

PROOF: Choose a particular e 7 0. Let M be a correspond- 
ing integer such that 
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(3) |s,-8|< € when n > M. 
The numbers |s,|, ..., |s] are a definite set of M fixed 


numbers. Let a number larger than any of them be denoted 

by S. Now let Œ be the larger of the two numbers S 

and |s|--e. If n <M, |s| < S< G. IEn >M, by (3), 
Jsa] < |s|+e S G. 

Henee, this G satisfies the conditions of the theorem. Having 

found one such number, we can take any larger number and 

it will satisfy the conditions of the theorem also. 


Theorem 7. HYPOTHESES: (i) 6,0; (ii) s, = Un, + Une, 
where u, andy, are real. CONCLUSION : u,—> 0 and UV, 0. 

PROOF: Given any e > 0, choose M so that [sp | € € when 
a » M. But|w,| € |s,| and lt, | S [Spl]. Hence fu] < € 
and |v,| € e when n > M. 

Corollary 1. HYPOTHESIS: s, = wu, +v,i—>8 = u+tiv. CON- 
CLUSION: Wp, —> wu and v, —» v, 
: Proof is omitted. 

Corollary 2. HYPOTHESES: (i) s,—»8; (ii) s, is real. coN- 
CLUSION : 8 ¢s real, : 


PROOF: 9, = 0 and hence, by Theorem 4, v,—50. Hence, 
v-—0. 

Theorem 8. HYPOTHESES : (i) s, and t, are real; (ii) $,—98; 
(ii) 4, — t; (Gv) When n > k, t, S S, CONCLUSION: t< 8. 


PROOF: Suppose t—s = ð > 0. Choose M > k so that when 
n > M, 


é 
|t,-t|< p and | $,—s|« : simultaneously. 


t-s= tt, +6,—s+t, —8,, 
From which 


t,—8, = 6—-[(t— 1) +(s,—8)]- 
From which, when n > M, 


à 6 
laen > È -[; + H = 0, a contradiction. 


Corollary 1. HYPOTHESES: (i) %,>8; (ii) 8, Se. coN- 
CLUSION: 8 Se, 
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Corollary 2. HYPOTHESES: (i) 8,—>8} (ii) 8, 2 ^. CON- 
CLUSION: 8 Z €. 
Theorem 9. HYPOTHESES: V, —> 0, Wp—>0. CONCLUSION : 
= U,, +i, —> 0. 
PROOF: Lebe » 0 be given, and let M be so large that when 


$5 


€ € 
n > M, both | w, | < ya tal < 


then |s, | = VUZ < e. 

Corollary. HYPOTHESES: Wp —> U, Vp >V. CONCLUSION : 
$5 — WF Vi. 

Theorem 10. HYPOTHESIS: 8, —> 8. CONCLUSION : |S, | —>|s|. 

PROOF: Let «> 0 be given. Choose M so that when 
« 2 M,|s,—s| « e Then [s,| — [s|| Sls,-8| <4 and 
proof is complete. 

Theorem ll. HYPOTHESES: 8, —> 8, Cp —» 9. CONCLUSION: 
8, +0, > Sto. 

proor: Given any ¢« > 0, choose M so that when n Z M, 

[8,—5] <$ and |e,—o| « g 
also. Then, 
|8,+o,—-8—-o |S |$,—81 + | o=o | «€; 

which constitutes proof. 

Corollary. HYPOTHESES: 

s — gU, s m s. uuu a — si), 
CONCLUSION: 
SQ p ap Lus pe > +94... +80), 

PROOF is best made by means of mathematical induction 
from the theorem. Details are omitted. 

Theorem 12. HYPOTHESES: 8,—-8,04-—2C. CONCLUSION : 
8, — Tn > So 

proor: Let o, = —¢, and e — —c, and apply Theorems 5 
and 11. 

Theorem 13. HYPOTHESES: 8, —> 8, Cp >T. . CONCLUSION : 


82 On — 898. 
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PROOF: Let e » 0 be given. 


80 —8, 0, = s(o— Tp) + T(S = 84) s 


(4) 187—8,, | Š |s||o—o, | + lo, | s—s, |. 

Suppose |s |< Gand|c,| < G (see Theorem 6), then choose 
M so that wh — < and 

so that when n > M, |c Ta) < gg 9nd |s-&,| « 25 


simultaneously. 
It follows from (4) that | sc —5,0,, | « e, completing the 
proof. 
Theorem 14. HYPOTHESES: $,— 8 6, #0, ¢, > ao #0 
? n ^ 


$8 
CONCLUSION : —. E 


oy g 


PROOF: Let e » 0 be given, and suppose G a nu 
mber 
than G > sand G > o. i E ind 





8,8 05,730,  c(5,—8)-FS(m—o,) 
7, c cuc T go g 7 
Choose M so that when n > M, 
elo |? e] 
c,—cl« J Essi lo] 
lome] < g > isms} <page Tama] E, 


simultaneously. Then 


5. sjo slel . , Tel 
v, o| 2|eo,| 2\o. 


| 
and proof is complete. : 








«t€ 





Theorem 15. UYPOTHESIS: 8$,—»8. CONCLUSION: Given 
uny e > 0, there exists an M such that when nz M and 
p Z 0 simultaneously, | 8p — 8p ap |< «© 


PROOF: 8,—8,,, — $,—8--8—8,,5. Choose M so that when 


n2 M,\s,—8| <$. Then 


| 8,— 554p Ee |sa—s | F [8—8545| <6 


Theorem 16. HYPOTHESES: Given a sequence 84, amd, that 


when any e>0 is given, it is possible to choose a fixed M>0 
such that 


[554.577 50] <6 
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whenever nz M and p= 0 simultaneously. CONCLUSION: 
Sn approaches a limit, 8. 

PROor: First assume s, real. This will include the case 
that s„ ultimately becomes and remains real. Choose a 
sequence of real numbers, €m, satisfying the conditions 
(5) 0 < €n 41 € Em (6) Em > 0. 

Let Mp be the least positive integer such that, whenever 
n= M,, and p 2 0 simultaneously, 

(7) | Snap — Su | < Em 

Now, let N be a particular positive integer and let v be an 
integer greater than N. Denote by a, the largest number 
among the numbers Supp T Emp By T fo and by b, the 


smallest number among the numbers Siva Ty. pio Su, T6, 


The inequality (7) can be written, 
8p Em < Snap X Sy en 
Hence, when n Z Mp and y = n, 
S4,— €m < Sy X 84 Em: 
and in particular, 
(8) Su, TEn < Sp $ Sir, t Ew 


Assume p Z M,. If we were to write down the inequalities 
(8) from m = N +1 to m = v, among the first members we 
would find a, and among the third members b,. Consequently, 
(9) &, « 8, « b,. 

But as v increases, N remaining fixed, a, certainly does not 
decrease nor b, increase, that is a, S @, p1 < bry1 € b,. But 
bus Sar 6 and a, 2 Syr 7 6v Hence, 


(10) b,—a, es (6, 6) — (8g, — €) = 2e,, 

which approaches zero as v — co. Then, either there is a 
number s, such that 

(11) i a, X$&b, 


for all values of v; or if we consider any real number, c, 
whatever, for all sufficiently great values of v, either a, > c or 
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b,« c. Whereupon we have a section of the real numbers 
which section defines a number s and 


(11) a Ss sb, 
As a consequence of (9), (10), and (11), 
(12) |3,—75| « b,—a, S 2e,. 


But the only condition on & is & 7 M,, and e, — 0. Conse- 
quently, given any e(e,) we can find an M (M,) such that 
when n Z M,ls,—s|« e, whieh is what we wished to prove. 

The ease where s, — w, -- v, 2, w, and v, real, follows as a 
corollary. For if |38,,,—$, | « e then |2,,, —u,| « € and 
lvy apta] « e; and hence, u, and v, approach limits; and 
hence, by theorem 9, &, does also. 


M 7 ,, " * V 
Corollary 1l. Te inequality, | s, ,,,—8,| « e, of the theorem 
can, be replaced by | 8,,—8,| < ¢, where n’ = Mand n 2. M. 


Corollary 2. The inequality, | 8, 4—8,| < €, of the theorem 
can be replaced by |s8,—sy| < c. 


Similar corollaries might have been given for the previous 
theorem. 

It is hardly necessary to remark that in the statement of 
the theorem, as in many other places, the symbol < can be 
replaced by S and 2 by >. 


Theorem 17. HYPOTHESES: (i) s, real; (ii) s, < G, a fixed 
number; (iti) 8:4, 28, when n>IdL, a fixed number. cox- 
COLUSION: There ewists a real number, s, such that s, —> s and 
ssa. 

PROOF: Suppose that s, does not approach a limit. There 


exists, then, à fixed e 7 0, such. that it is impossible to find 
an m such that 


(13) [$,,5—8,| € € when n >m and p 2 0, 

Choose such an e and then denote a particular fixed m > M 
by m, and particular values of n > m, and p > 0 for which 
(13) is not true by n, and p. Then, 


S4 —8&, ze 
Ny +P, n — €. 


Now choose a second m > n +p; and denote it by m,, and 
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denote an n > m, and p > 0 for which (13) does not hold by 
Nn, and p, Then, 
Snot py Sng ze 
Now choose a third value m, >n, + p, andso on. Adopting 
the obvious notation, we have 


Sp, py — Sng 26 
Adding all these inequalities, 
Sry + py, — (Sn, Bry py 3) rbi n (Bn, Sn, +p) Sp, 2 he. 
Dropping that which is surely negative or zero, 
Sng py Sn Z ke. 
Let i be greater than Sd. Then, 8,4, > G, which is 
€ ETPk 


contrary to the hypothesis. Hence, by Theorem 16, s, —» s. 
That s X G follows from Theorem 8, corollary 1. 


Theorem 18. HYPOTHESES: (i) s, ?s real; (ii) 8, > G, 
a fixed number; (iii) 8,4, S 8, When n > M. 
CONCLUSION : There exists a real number, s, such that s, —>s 


and s 2 G. 


PROOF : Let o, = —8, and T = — G, and apply Theorem 17. 


Definition 8. s, is said to become infinite if, given any 
veal nwmber N, there exists a number M > 0, such that 
|s | > IN when n>M. We denote this by s, > œ. 

In case s, is real, we distinguish between the cases where 
8, becomes and remains positive and where it becomes and 
remains negative by saying, s, becomes positively infinite 
(8, —> +0) and s, becomes negatively infinite (s, — — oo ). 


Theorem 19. HYPOTHESES: (i) 8, read; (ii) s,,, 2 8,3 (ili) 8, 
. does not approach a limit. CONCLUSION: 8,—> +0. 


proor: There exists no real number Jf whatever, such that 
8, <M always; otherwise, by Theorem 17, s, would approach 
a limit. Moreover, if Mis any real number and if s, > M for 
n=m ; then, Sn > M for all values of n > m. In other words 
8, — 400. 
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Theorem 20. HYPOTHESES: (i) s„ real; (ii) 8,,, S 8,3 (iii) 
Sy, does not approach a limit. CONCLUSION: 8, — — oo. 


Proof is omitted. 


EXERCISES 
15. Prove the theorem : 


HYPOTHESES : (i) sj — s, s? — 5 ; (ii) when m Z M (fixed), 
sh) Sa, S sy’. CONCLUSION : c, — s. 

16. Prove the theorem : 

HYPOTHESES: (i) s, is real and s$, — 3; (ii) b 2» $2 c. coN- 


CLUSION: There exists a fixed M such that when n > M, 
b>s,>c. 


17. What, if any, additional hypothesis is necessary to make 
the following theorem correct ? 

HYPOTHESES : (i) 8,->8; (il) there exists a sequence, c,, 
such that for any value of whatever o, = s,,. CONCLUSION: 
g, — 9 limit. 


18. Prove the theorem: 

HYPOTHESES : (i) 8, —> 8; (ii) there exists a second sequence, 
ca, such that for any n there exists one and only one n’, 
such that s, = op and conversely. CONCLUSION : 0—8. 


19. If from an infinite sequence certain values are omitted, 
the resulting sequence is called a sub-sequence of the first. 

Prove the theorem: 

HYPOTHESES: (i) $,—558; (ii) c, is a sub-sequence of B ik 
CONCLUSION: 9g, — S. 

20. Prove the theorem : 

HYPOTHESES : sp —>s®, s2—280, and |s@|> [s®@|, 
CONCLUSION : There exists a fixed number M, such that when 
n> M, |P > |e]. 

21. Prove the theorem : 

HYPOTHESES: 8, —>%, o, remains finite. CONCLUSION: 

g, 
— 0. 


Sn 


a 
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22. Illustrate by figures at least five theorems in this 
chapter. 


98. Prove the theorem : 


HYPOTHESES: (i) sj — 80D, aD ss, Lus seg; 
= 3 
Gi) F (P, stp, ..., at) 


is a rational function with no denominator which vanishes 
or approaches zero. CONCLUSION : 


E (p, sP, aa, 8) —> F (80, s@, s0), 
24. If s and q are positive rational numbers, working in 


the domain of positive real numbers, give a definition for st, 
using the Dedekind section, 


25. Using the definition of the last exercise, prove the 
following theorem : 

HYPOTHESHS: (i) s, 2 0 and rational; (ii) s,s; (iii) q>0 
and rational CONCLUSION: s, approaches a limit where 
the radical indicates that root that is positive or zero. 


26. Use Exercise 25 to define Vs, where s is any real 
number. 


97. lf $, 2 0 and s,— 0, discuss the behaviour of s" for 
All possible values of y. 


28. Make up and completely discuss an exercise similar to 
the last. 

Definition. If $,,, S s, for all values of 4 or 8,412 8, for 
all values of n, s, is said to be monotonic. 


29. Prove the theorem : 


i e 08 4S4 e. S. : 
If s, is monotonic, — is monotonic. 


30. Compare Sn and SUt8gt se Th 


as to monotoni 
Tn Ot Ot +o, or 


character. 


31. Give examples of monotonic sequences. 


1 
82. Is n (a”—1) monotonic? Discuss for all values of a. 


EXERCISES 17 


33. Prove the theorem : 

I£s,,,—$ (8$, 0,) 8nd &,,, — Spat Tus where 8, > 0, > 0; 
the sequences £, and o, are monotonic and approach a common 
limit. 

34. If Sra = a (8, 0,) and 85419241 7 8, 93 where 
8j 7 c, 7 0, prove that the sequences s, and g, are monotonic 
and approach a common limit. 

35. If sper = $ (Saton) and c,,,— s,o,, where 
sı > o, > 0, prove that s, and o, are monotonic and approach 
a common limit. 

Definitions. If we are given two sequences s, and c, and if 
8 : s x 
“t sa Æ 0, we say that s, is asymptotically proportional 


n 
to e„ and sometimes denote it by s, ~o, In case a = 1 we 


say that s„ and e, are asymptotically equal and write 8, © Cp 

In case 7" remains finite, whether it approaches a limit or 
Tu 

not, we sometimes write s, = O(c,), which is read, s, is of 


the order of o,. If = — 0 a corresponding notation is 
n 
84 — 0 (c), which should be read, s, is of higher order than c,,. 


36, 37, 88. Show tha& 4/n?--1a, log (5 n? - 23) «. log n, 
4 Jud 1— Vu ~ i 


T 

39. Give further examples of sequences that are asymptoti- 
cally equal, that are asymptotically proportional but not 
asymptotically equal. Give examples of sequences that are 
of the same order but not asymptotically proportional, of 
sequences not of the same order. Prove your results in all 
cases, 

Definition. If s,—>0, s, is sometimes called a null- 


L4 
sequence. For example, psa null-sequence. 
: - log “n 
40. Under what circumstances is mU null-sequence ? 


41. Give other examples of null-sequences, accompanied by 


proofs. 
3627 Cc 








CHAPTER III 


CONVERGENT AND DIVERGENT SERIES 


$1. Definitions. 

From an infinite series, q,, d, 4, ..., an infinite sequence 
can be formed as follows: 

S1 = g, 83 = lo +C, S3 = Qo + Oi F sees 

By = Ug Fy GS o F Oge 

Definition 9. The infinite series, Q, d, ds, ..., $8 said to 
converge if 8, approaches a limit when 1 becomes infinite. 
A series that does not converge is said to diverge. 


Definition 9’. Jf s, approaches a limit, this limit is called 
the sum of the series. $, is called the partial swm to n terms, 
and if the series converges and has the swm s, the difference 
s—s, =, is called the remainder after n terms. 

A number independent of n will frequently simply be called 
a constant. 

Due to the importance of the number s,, it is usual to write 
the series @p +4, +d,+@,+..., and to say: 

8 — do + G4 T s 04 d sus. 
This will be done here in subservience to established conven- 
tion. But, it is to be noticed that many things may be of 
interest about a series besides its sum, and that when we 
speak of a series we do not thereby refer to its sum. The 
series may not even converge. It, moreover, is to be noted, 
that in giving a series it is immaterial which is given, the 
«,'s or the sps; since, from the definition of sp, «, — 8 and 
@y, = 8n41—8, When m > 0, A convenient notation and one 


n=l 
frequently employed is, s, = bi a,,, and for the infinite 
n=0 
series, > a, This last is equivalent to a) +4,+4, ++.) and 
n=0 
does not of itself imply the existence of a sum. 
Tt is also well to explain a notation that is used and which 
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occasionally will be used in the subsequent pages. It may 
happen that the numbers of a sequence, @,,, are defined for 
all positive and negative values of n. The notation, 

ce Eg + bg + Og + lly + Oy +g toy toe, 


or the equivalent, 2 (&,, is frequently used. 
n=— HK 
o9 
Definition 10. x a, is called a two-way series. 


n= 


o 
Definition 11. 2 a, is said to converge when and 


n= ow 


qo. — 0 
only when 2 a, and © a, both converge and its swm is 


a= n--l 


io —o 
the sum of the sums of >, a, and > a, 


n=0 n=—1 
In this book the term ‘series’ alone does not refer to 
a two-way series; and in no instance will a two-way series 
be meant unless it is expressly stated. 


$2. Some general theorems on series. 


Theorem 21. A necessary and sufficient condition that 


o0 
> a, converge is that given any € > 0, it is possible to find 
n=0 
am M, such that when n = M and p 2 0, 
[Gy + Ong tit Onap | < & 

This theorem is simply a restatement of Theorems 15 and 
16 combined with the definition of a convergent series. By 
introducing the words necessary and sufficient, both theorems 
are combined into one. 


2 
Corollary. When 2. Oy, CONVENTGES, Hy, —> 0. 
n=0 
The converse of this corollary is not true, as many examples 
will testify. 


co 
Theorem 22. HYPOTHESIS: 2 a, converges to s. CON- 
n-0 
c2 
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o0 
clusion: > an, where k is any fixed integer, converges to 
n=k 
S — Shy 


PRoor, When n > k we have 
8g — dg ... + yy $y, + outs Tt, 
Let w — »—k ande, — apt e +a- Then Oy — 8,— Sj 
8, is constant and s, — s. Hence, by Theorems 4 and 12, 
T4; — 8— 8, which is what we desired to prove. 


The converse of this theorem is readily proved, but duc to 
its simplicity is omitted. 


oo 
Theorem 23. HYPOTHESIS: > a, diverges. CONCLUSION : 


n=0 


oo 
2 a, diverges, k being any fixed integer. 
nok 
PROOF: Suppose the contrary and use the same notation 
as under Theorem 22. Then s, = o,,+8,. Since 8, ls 8 
constant and c,, approaches a limit, s, approaches a limit, 
which is contrary to the hypothesis, establishing the theorem. 
The converse of this theorem is also readily proved, 
Theorems 22 and 23 and their converses can be in part 
summarized by saying: The convergence or divergence of 
a series is not affected by the removal or addition of a fixed 
number of terms. 
As a corollary to this it follows that any finite number of 
terms in a series can have their values changed without 
affecting convergence or divergence. 


o 
Theorem 24.  HYPOTHESIS: O4, --$. CONCLUSION: 


n=0 
o 


> Cap = 68, where c 48 any constant. 
n=0 


PROOF: Let By = tta t o Eana 
and tn = Cdo + 0 +... 00, S. 
Then t, — es,. Consequently, by Theorem 5, t, — cs. 
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ao 

Theorem 25. HYPOTHESIS: >> a, diverges, CONCLUSION: 

dd n=0 

> ca, , where e is a constant diferent from zero, diverges. 

n=0 


t 
PROOF: Let s, and £, be as above. s, = "E Suppose t, 


approaches a limit, then s„ will approach a limit also by 
Theorem 5. This is contrary to the hypothesis. 


Theorem 26. HYPOTHESIS: >, | @,, | converges. CONCLU- 








n=0 
e 0o co 
SION : > Ay CONVETJES and > ay sz > l ay, | . 
2-0 n=0 n=O 


PROOF: Given any e — 0, it ia possible to choose an M > 0 
such that |a| +l] +.. +] Gneyp|<¢ when n 2 M 
and p20. See Theorem 21. But, 

|ant Onst o F nep | S |da] +] auil Ho H | dnp 
Hence, when n Z M and p2 0, |a, a, bue 


e 
and by Theorem 21 > @, converges. 
n=0 
To prove the second part of the theorem, let 
8, = ott o Hap- and ta = [esl t [e| usi [tul 


Then |s| St, Hence, lim}s,| S lim ¢,, that is 


a 

s Xa 
n=0 
o 


Theorem 27. HYPOTHESIS: Š, q, converges. CONCLUSION : 


n=1 


w% 


> Gy 


n=0 








œ% 

a, 

S a converges also. 
g” 

n= 








PROOF: Suppose |s | = | a+ ... +4, | « G always. 
ved 1 1 
È l= Gusa) g t + Bad 5 
n-g 
hil a cr. ie 
= — eats +8 - cu) e y-1 UNT) Y 
1 2 de 2G 
Coe SEIL E 
+s <G p E 
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Hence, given any e > 0, it is possible to choose an M2 E 
such that when v Z u > M, |s,—$, | « e, which, by "Theorem 21, 
establishes convergence. 

The following theorem is not directly on infinite series, but 
is introduced as a lemma. Its applications in the study of 
series are immediate and numerous. 


(i) 8, — a, 8 = Ay + yy ees Sp = Ap FOF. Fy; (iii) A is 
as large as any of the wwmbers | S, |, | |, .., | 8, [5 (iv) 
S — ede d sies 0 CONCLUSION: | S| S Aep 
PROOF : 

(1) S = & (& 76) t & (&— 69) Hove + Spy (Cpr Ep) + 8p Eps 
Hence | 8| € |$)| (€,— 6) | & | (e — 63 9 --- 

+| 8p-1 | (5317€) +] 8p | €p £ A [e= etam ete 

+Ep-1— Ep + ey] = & A. 


Theorem 28. HYPOTHESES: (i) e 26 2e,2...2¢€,2 0; 
fe 


Corollary. In case do, 4, ..., d, cre veal and B denotes 
the snvallest of the wwmbers, 3, 8,,...,8,, and A the largest, 
we readily conclude from equation (1) the more restrictive 
inequality, 

BSS «4, 


which is the form in which this theorem is usually given. 


eo 
Theorem 28. Consider X, a, where s, = gt o. y. 
n=0 


HYPOTHESES: (i) |s, | < @ a number independent of n; (ii) 
D 
EZE Z €z; (Hi) €p —> 0. CONCLUSION : D en @p converges. 
n=0 


PROOF? | Appi Fie +Gnep | = | Sntp— Sn | S 20. Hence, by 
the previous theorem, | 6,44 nyi +-+ F Entp Ontpl £ 2O epin 
which approaches zero as n — œ , establishing the theorem. 
See Theorem 21. 

The theorems in this chapter, with the possible exception 
of 27 and 29, are fundamental in the developments that are 
to follow. Itis to be noticed that no hypothesis whatever is 
made as to the nature of the terms of the series. They may 
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be complex or real. Other theorems of this general character 
might be given and some will be subsequently. It is thought 
best, however, to proceed as explained at the beginning of the 
next chapter. 


EXERCISES 
Definition. A series of the form 
(4 — 4g) + (ig — tg) + (tg = Hy)  -- 

is called a telescopic series. 

42. Prove: Any series can be written as a telescopic series. 

43. Prove: A telescopic series of the form given above 
converges when and only when m dy, exists. 

44. Write at least five of the series of exercises 63-100 as 
telescopic series. 

45. Prove the theorem : HYPOTHESIS: pz >Py+,—>A and 


ao 
|s | < M. CONCLUSION: © (PaPa) Sn converges and 


n=0 


x M (py — X). 





2 (a Pain) Sa 
n=0 





46. Is the following theorem true or false? © | a, | con- 
n=l 


verges if every series formed from the terms of © ap no 


n=l 


term used more than once, converges. 


c: 1 
47. By theorems in this chapter, examine > == for 
aan 


convergence. 


48, Prove > - divergent by means of Theorem 21. 


nal 


Vl 
Prove > —3 convergent by the same theorem. 


n=l 
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49. Prove the following theorem. HYPOTHESES : (1) > Qy, 
n=l 


converges; (ii) e, is a monotonic sequence ; (üi) | e| < € 


oo 
(a constant). CONCLUSION: © €, €, COnverges. 
n=l 
i 1 2 1 3 


50. E i pw olo Rc LI Me " 
xamine gta 34 + 27 +...’ for con 


NI = 


vergence by comparison with 1— ; + i ~ i + i — 
according to the theorem of Exercise 49. Apply Exercise 49 


to other series. 


51. If a, — 0, what can you say as to convergence of 


a ao 
> a,? Tf > a, converges, is it necessary that nu, — 0% 


n=1 n=l 


52. Is the following theorem true or false? HYPOTHESES: 


ao 
na,—>0 and > (44-41) converges. CONCLUSION: 


n=l 
oo 


> a, converges. 


n=l 





— 


CHAPTER IV 
SERIES WHOSE TERMS ARE POSITIVE 


In the present chapter all the terms of every series which 
enters are positive real numbers. This is stated here once 


and for all and a separate statement of the fact is not made 
for each theorem. Methods of testing for convergence or 
divergence are developed. 

It need hardly be remarked, that if in an investigation for 
convergence or divergence all the terms of a series are 
negative, the signs of all terms can be changed and the 
resulting series examined, See Theorem 24. 


. n-1 
Theorem 30. HYPOTHESIS: > a, < G, a fined number. 
E n=0 
CONCLUSION: > d, converges. 
n=O 

proor: This theorem is just a restatement of Theorem 17; 
and for a proof see that theorem. 

A carefully constructed figure will make the theorem 
appear extremely likely without the formality of proof. The 
reader is advised to make such a figure here and frequently 
with reference to other theorems. 

Figures aid in foresceing conclusions and lead to a quick 
understanding of the steps of a proof, 


Theorem 31. HYPOTHESES: 
a 
(i) © a, converges; (li) p Z Cnet 
n=0 
CONCLUSION : na,,—> 0. 


PROOF: Let 4 be even. 





n+ n 
> a, 2 3 hy > g tus 


v= 


ys 
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n 


but by Theorem 21 2 &, — 0, and' hence = 4, — 0, und 
v =5 2 
hence na, — 0. 


Let n be odd. 





and hence, as above, na, — 0. 


wW 
Theorem 32. HYPOTHESIS: >> a, diverges, CONCLUSION: 
n=0 


84 — To. 
It is not unusual to see the conclusion of this theorem 


expressed by the statement: > a,, diverges to plus infinity. 


n=l 
PROOF: s, never decreases. Suppose that there exists 
a number G such that s, « G always. By Theorem 30 


> An 
n=1 
converges. This is contrary to the hypothesis, 


2 


Theorem 33. HYPOTHESIS: > a, converges. CONCLUSION: 


n=O 
oO 


z a,, converges, where the d,’s are any set of integers chosen 
a= ` 
from the integers n, 


oo 
proor: Let Da, =8, 5 
n=0 
a, = Oy Fae +a, š 


u-l 


n = hot. 6,4, and 


Now s, < s, and given any o,, ib is possible to choose n so 
large that s, >o,,. Consequently o,, < s always, and con- 


00 
sequently > a, converges. 
n 
n=l 
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Theorem 34. HYPOTHESES: (i) d(w)20 when wza«; 
(ii) $ (c--8) S $ (x) when «2a and 87 0; 


b 
di) | $(z) du — G when b— c. 


CONCLUSION: > $ (n) converges. 


Ac 


" $ (a) da. 


PROOF: » 
s, = $ (a)-- $ (a 1) - ... $ (a m) <$(a)+[ 


This follows from the definition * of an integral. 
atn 


$ (2) da 
a 
does not decrease as ” increases, and approaches G when 
m— o. MHenee & € $(u)-- G. Hence, by Theorem 30 the 
Series converges. 


Theorem 85. HYPOTHESES: Same as wnder 34 except (iii) 





i a 
where [ (a) da —> 0 when b—> ©. CONCLUSION: > $ (n) 
a 


n=a 


diverges. 
atn 
PROOF: 8,., Al ġ(æ)dæ and consequently $&,—» oo 
a 
when n —> æ. 


a 
Theorem 36. HYPOTHESES: Given two series, > a, and 
n=O 
o H 
b,, where (i) Ta, converges and (ii) when nZ k, 
n=0 n=0 
Z 
b, S ap. CONCLUSION: 2 b, converges. 
n=0 
proor: We may discard from consideration all terms before 
the k-th by Theorems 22 and 23 and their converses. 
Let 8, = Oy Ag+ t ee F Okin 
and ta = byt bryt Das 
* Riomann definition alone considered here and in other places unless the 
contrary is expressly stated. 





28 SERIES WIIOSE TERMS ARE POSITIVE 


Choose G so that G>s, always. Then t, Xs,« G. 
But ¢, never decreases, and consequently approaches a limit 


by Theorem 17, that is, > b, converges and consequently 


nak 


0o 
> b, converges. 
n=0 
ao 


Theorem 87. HYPOTHESES: Given two series, > a, amd 
P" 4-0 
> b,, where (i) > a, diverges and (ii) when n= 
n=0 n-—0 
b, È a,. CONCLUSION: > b, diverges. 
n=0 

Proof is omitted due to the similarity of this theorem to 
the preceding. 

An immediate result of the preceding theorems is the 
following : 


Theorem 38. I. HYPOTHESES: a, converges and 
0 


n= 


a. 

n >e>0 when nZ k, a fixed number. | CONCLUSION : 
" 

ao 

© b, converges. 
"m 


oo 
; b, 
II. HYPOTHESES: > a, diverges and 2- > e> 0 when 
4-0 by 
D 


n2 k. CONCLUSION: > b, diverges. 


n=0 


oo 
PROOF: I. 4, eb, n Z k. Hence > eb,, converges, and 
n=0 


co 


as e is independent of n, ©, b, converges. 


" 
n=0 


oo 
IL Similarly b,  «,e, and as > &,€ diverges so does 
n=0 
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i : 
Corollary to I. HYPOTHESIS: p21 > 0. CONCLUSION: 
n 


ao 
© b, converges. 


n=O 


Corollary to II. HYPOTHESIS: Paen > 0. CONCLUSION: 
"n 
>}, diverges. 
n=0 
What amounts to nothing more than another wording of 
the preceding theorems is the following. 


e 
Theorem 39. I. HYPOTHESES: (i) © a, converges; 
n=0 


z 

Gi) bp < G a fiaed number. coNcLUsION: 2 a,b, con- 
n=0 

verges. 


wo 
II, HYPOTHESES: (i) > a, diverges; (ii) b, > € > 0 where 


n=0 
oo 


¢ is fixed. CONCLUSION: 7, a,b, déverges. 


wad 

We shall now give a few series that can be used as com- 
parison series (see Theorems 36, 37, 38, and 39), It is clear, 
however, that the more series whose convergence or divergence 
has been determined, the more comparison series we have, 
although not necessarily all of the same usefulness. 

The geometric series 
(1) atartart+..tartt+,., a0, 
converges if r < 1 and diverges if r 2 1. 


n. 
(,— a : 
PROOFP: When r4 1,$,— es^ from which the con- 


clusions of the theorem are immediate. 

When r=1 the series reduces to a+@+a@+... which 
diverges, since a # 0. 

< 1 1 
2 ——— = — — bees 
(2) = n(n+1) 1. t t : 
n=1 

converges. 
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1 1 1 
PROOF: ——— ——————, H —1—-—— 1. 
nimtl) m n+l Pagi m= atl 
eo 
1 1 1 
3 ae 2 ee 
(3) > pHlt apt wp te 


nal 


converges when p > 1 and diverges when p X 1. 


PROOF: Apply the integral test of Theorems 34 and 35 
and the stated results are readily established. It is a useful 
exercise to examine this series by other methods. 


Let log, n = log log n, ..., 
login % = log log ny 7, 
and let An (m) = log n. log, 2. .... logy, n. 
Also let Qu ESTEE Qe, ea Oa a 


Then let a > € 


eo 


m+’ 


1 
—— ns — diverges if p < 1 and converges 
nA, Q)loghan VNB PS n 


(4) 
n= 
if p» 1. 
PROOF: Apply the integral test of Theorems 34 and 35. 
b da: 1 
————— cm opt? beloner ala 
| @A,, (w) log?,,@ 1—p [logni b logi, f, a] if pz 1. 


a 
When p « 1 this —co when b — oo , and if p » 1 approaches 
a limit when b—> œ. 1f p — 1, replace m 1 by / and we 
< 1 
h i — 
ave the series > nAn)’ 
naa 


the same form as (4) with p = 0. 


which diverges, for it is of 


Theorem 40. Consider >, ay, I. HYPOTHESIS: 


n=O 


0€ Va,«r«1 
eo 
when n >k. CONCLUSION: >, a, converges. 


nz 
w 


II. HYPOTHESIS: Va, Z 1 when n kh. CONOLUBION: > On 
: n=0 
diverges, 
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proor: I. Here a, <7", and by comparison with the geo- 


o0 


metric series > w, converges. 
»-0 


JI. Here «a, 2 1, and by Theorem 21, corollary, the series 
diverges. 

Corollary. I. HYPOTHESIS: a, >t « l. CONCLUSION: 
o 


>D a, converges. 
n=0 


d 
II. HYPOTHESIS: Va — 1l: 1. CONCLUSION: a 
n n 

n=0 


diverges. 

The corollary makes no statement as to the case where 
l= 1 and the approach not from above. Examples can be 
given where the series converges, also examples where it 


eo 


y ‘ 1 s 
diverges. For instance, > pp converges if p>1 and 


n=l 
diverges if p — 1 as we have already seen, but in both 


: F- "p 
instances ,"/ — — 1 and P/.. « 1. 
p nP 


eo 


Theorem 41. As usual, consider J, a&,. I. HYPOTHESIS: 


n=0 
00 


a, 
Tati c p< 1 when n>k. CONCLUSION: X, Op, converges. 
n n=0 


à, 
II. HYPOTHESIS: 2+1 > ] when n2 k. CONCLUSION: 





9n 
e 
> a, diverges. 
n=0 
a 
proor, I. kH <r, Hence apy < ray. 
hi k 
y 
d. 
—*?. » Hence appz < appr < 1*0. 
Ol 
Vee f+ ; 
—J! 2» Hence Qj,;4,, € ape; & e & 7) a 


Akti 
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But a,v-F a7? -... converges as it is à geometric series 
with r « 1. Hence by Theorem 36, > a, converges. 
4-0 


I. Here ap} 2 a, ..., 05444; Š ap. ince d; 0, the 
series diverges by Theorem 21, corollary. 





d 
Corollary. Suppose a —>t I. HYPOTHESIS: Z< 1. 


9 
co 


CONCLUSION: > a, converges. 


n=0 
a 


II. HYPOTHESIS: Z > 1. CONCLUSION: © a, diverges. 
n=0 
In case | — 1 the series may either eonverge or diverge, 


oo 
witness > L 


a when p » 1 and when p — 1. 
n= 


Theorem 42. I. HYPOTHESIS: n( 2 
a, 


-1) >r>1 when 
nl 


o 
«£k. CONCLUSION: > «, converges. 


n=0 


a, 
II. HYPOTHESIS: n( n. — 1) S1 when mÈ k. CoN- 
B Uni E B 


OLUSION: 79 a, diverges. 


n=0 


PROOF: I. Let r = 1-F e, then when « 2 k, 


Zi on 1) > 1+ 

ae ST €. 
Ui 

That is fU, — (n 1), 44 0 60,44 0 0. 


In other words, na,, which is greater than zero, decreases 
monotonically. Hence na, approaches a limit by Theorem 
18. Denote this limit by a. 

m—1 


2 (na, — (v 1) 0,4) — —ma,, — —a. 
n=0 
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That is, > (na, — (n -1)a,,,) converges. Hence 


n=0 
eo 


to 
> €, i and hence > a, converges, 
n=O w=0 


See Theorems 24 and 36. 


II. Wu, —(n-1)g,,, S0, m2. 
Hence kay Sna,, n > k 


Hence a, 2 qu. But ayt is the general term of 


wo 
a divergent series. Hence, by Theorem 37, b a, diverges, 
n=0 


On, 





Corollary 1. Suppose n( — 1), I, HYPOTHESIS: 


Bei 
e 
l1. CONOLUSION: D a, converges. 
n=0 
o 
IL HYPOTHESIS: l< 1. CONCLUSION: X, Q, diverges. 
n=0 

An 

Corollary 2. If 





a A : 
=1+- + =, where ais a constant 
Qni " n 


and |A |< K, then © a, converges if a> 1 and diverges 
=0 
if x «1. A 
The theorem which has just been proved will be illuminated 


if we apply it to the series > n Here 


n=1 


[E -Je 


and we draw the conclusions which we already know relative 
to convergence or divergence of the series. Theorem 41, the 
test ratio test, does not give the results. Moreover Theorem 
41 was established as a consequence of known facts relative. 
to the geometrie series. A parallel situation exists with 
reference to Theorem 42. We have given an independent 


3627 D 
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proof and investigated >> zs by means of it. "This process 
n=l 


can be reversed and the test made a consequence of our 
knowledge of > = . However, the whole situation will be 
n=l 


made clearer after the following two fundamental theorems 
have been established. 


Theorem 483, HYPOTHESES: 


o oo 
a > a,, converges; (ii) ©, b, is a second series, 
n=0 n=0 
b, 4 


and - $e < m when 4 2 k. CONCLUSION: 


n n 





e 
> b,, converges. 


nad 


1,2 by a 
PROOF: Pht E Ua, biis < o he Phy < kims, 
k ak kai Chat kem Oy em 


Multiply these inequalities together and we have 


bhamar < emat 


b 
or by. € a s 
b, dy kemt1 = dy k+tm+ı 


o 
: b 
But the series > x @pim+ı converges, Hence, by Theorem 


mao 


ao 
36, © b, converges also. 


n=0 
What might be given as a second half of the theorem that 
hag just been proved is the following theorem. Its proof is 
so similar to what we have just given that it is omitted. 


Theorem 44, HYPOTHESES: 
x b, a 
G) > a, diverges; (ii) $i 2 when n > k. 
n=0 n n 





o 


CONCLUSION: X, b, diverges. 


n=0 
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To apply these theorems to the proof of Theorem 42, let 


a, 
n [n — ] -T7-1 
Ui 
when » Z b, and let 1 « p « r. We have remarked that 
14» 
al (1+ =) —1]->p. 


Hence, when n > M 2 k, 


p 
n| 7n -1] > „|(=) -1| 
bad n 





1 
or 0,41 < (m+ 1)? 
Gy l 
n? 


and we draw the first conclusion of Theorem 42. The second 
conclusion is drawn in exactly the same way. 

An extension of Theorem 42 is given by the following 
theorem. 


Theorem 45. J. HYPOTHESIS: 


[dog n “= —(m+1) log (m +1) | >r>o0 
Gn +1 


oo 
when n 2k. CONCLUSION: > a, converges. 
n=1 
Il. HYPOTHESIS: 


9, 





[ndogn ~(n+1) log (n1) | 0 


Anti 


eo 
when n 2k. cONOLUSION: > a,, diverges. 


n=l 
PROOF: We follow exactly the proof given of 42. If the 


ee . Gi ; 
second proof of 42 is given, the ratio EH is compared with 


n 


the ratio 1 
(n +1) (log (n 4- 1))? I 
1 
n (log n)? 
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Changes are so slight ag not to warrant a repetition. 
Further extensions are quite possible but are left as an 
exercise. 


Theorem 46. HYPOTHESIS: g,, 9g; ---, are a sequence of 
positive numbers such that 


[n 
In Gay In? E -0 
00 
when n Zi. CONCLUSION: > a,, converges. 
n=l 
PROOF! j,U,— uai ni 7 €09,44 7 0 When n Z k. Hence 
In%n approaches a limit. Therefore, 


5 (g,,0,,— 31841) 


9-0 


oo a o 
converges. Hence > ea, and hence J a, converges. 
n=0 n=0 
The following is the corresponding theorem relative to 
divergence. 
oo 
Troc 
Theorem 47, HYPOTHESIS: > — diverges, and when 


n-207" 
o 


qv, gU, € f,0,. CONCLUSION: T a, diverges. 


n=O 





a, : 
PROOF: @, > 9» Y, but g,a, is à constant. Hence 
g. 


"n 
S ha 


n=0 In 
diverges and hence, by comparison, according to Theorem 37, 
o 


> a, diverges. 
n=0 

Some of the tests previously given can easily be derived as 
special cases under the last two theorems. For example: 
le& g, — 1 and we have the test ratio test, Theorem 41; let 
g, = and an equivalent of Theorem 42 results, and let 
Jn = Wlog m and we obtain the first extension of Theorem 42. 
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Theorem 48. I. HYPOTHESIS: when n < k, 


njy— T : 
(yup o d. 


CONCLUSION: > æ, converges. 
LS! 


II. HYPOTHESIS: When n > me 
n 
E 


oo 


CONCLUSION: >, a, diverges. 
n=l 
proor: Let a, = 7", thus defining p,. Then when 


Pn Dn 


— - —— logn 
- 98 


— Pa * 
-1 m log ^. 


9 m 
Hence 5,7 (1— Va) SA 


Consequently if (1— — Va, sara L gum 1, 


p, T1. Hence, * a, = 3 n—* converges. See Ex- 


n=l n=1 


ample 3, page 30. 
II. If 0 — Va) 





Sie 


oo n oo 
when wk. But > ( — * log m) diverges since > 
=1 n=l 
"M" 
diverges and n(1- 4,198 m) —>1. See Theorem 38. Con- 
sequently, by Theorem 37, p a,, diverges. 
n=l 


* To prove this, apply the ‘Law of the Mean’ to e7?, p 0. 
€? 21—me-6 whereO « £« x. 
But 0< e75a1. Hence eë > 1— x. 
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o 
. n Nn 
Corollary. If Jim (1— Va.) iw l, then = a, con- 
verges in case / > 1, and diverges in case / < 1. 

The foregoing theorems in this chapter give the more 
common tests for convergence or divergence, and by means 
of some one or more of them the great majority of series 
with positive terms can be satisfactorily investigated. They 
are all well known theorems occurring at numerous places in 
mathematical literature. A few additional theorems possibly 
not quite so well known but which are sometimes useful are 
now given, 


e 


Theorem 48. HYPOTHESIS: > a, diverges. CONCLUSION: 








n=l 
< a 
——”— diverges. 
htta, 
PROOF: 
n+p 
a, neck, 1 Gate tay 
yong ate Fa, 7 Oy te bln ey +.. F ey 
oo a ! 
Now suppose ^ —— convergent. Then 
PP = Ati thy, 8 


n=l 
n+p 
a, 
— — 0 
¢ coe tO, 
v=n+l a + v 


when n—>œ. Consequently it is possible to choose an m 
such that when n > m, 

Qt. + ay 
Oy +. Fay +p 
Eut for any fixed » when p — oo 

GM eee GS 

An example of a series that can be readily investigated by 
means of this theorem is the following, 


| l= <4 for example. 





| 1— — 1, a contradiction. 





s; log (m+ 1)—log n_ 
2 log (7 +1) 


nal 
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Theorem 50. HYPOTHESES: 


(i) 0«M,«M,«..« M,«..; (i) M,—o. 
a 
M aM, 
CONCLUSION: >>, —2+1——" converges. 
n=l MyM, 
PROOF: 

" N 1 
M,44— M, (3 1 je 1 1 um 
aD 7A Ge xa x yum sec ; 

=4 MyM, 2 M, Mass M Marı M, 


which not only establishes convergence but gives the value 
of the sum of the series. 

A special case of this theorem which has already been 

investigated is that when M,=%, and the series proved 
= 1 


convergent is > TEST 


LL 

Theorem 51. HYPOTHESES: 
()0cM,M,«..«M,«..; (0) M,—o. 
s M, 4M, 


CONCLUSION: >, Fe ae: 8 > © converges. 
n=l ntl^m 








PROOF: Let M. Gn: Then 0 « q, « 1. Assume p « 1. 
Mia 
From the preceding theorem 
S Ma Ms 
= Ma 
converges, But 
Mha Ma M,44,— M, á 1—45. 
Mpy Mh ~ M, V Mf, 1—4, 
1—95 
i 








Moreover >p. Hence 


n 
Ma 7 M, < 1 Mia — Ms. 
AMQaGMS Cp MiaMs 
Consequently by Theorem 36 the series to be tested converges. 
The case that p=1 has been treated in the previous 
theorem. If p> 1 the theorem follows from the previous 


theorem and Theorem 36. 

















40 SERIES WHOSE TERMS ARE POSITIVE 
M, 44 — M, 
Corollary. > m gp" converges. 


Dar n+l 
Assume * as a preliminary to the next theorem the follow- 
ing inequality. Lety and z be two positive numbers, y > z. 
Moreover, when # is any positive number large enough to 
give the symbols a meaning, let, as ee 


log, œ = log æ, log, œ = log log, 





and let 4,2 — (log, «) (log, 2) E i. 
Ye d 
Tien oes 1 y S 108m ges 108m im 24.2 


Theorem 52. HYPOTHESES: 
Marı > Ma > 0, M, —> o0, and p 0. 
CONCLUSIONS : 


: s Maia M, s Mya —M, 
(9 = My Mh : z LAM (log Marı) (log" M,) UTE 


> Le e u 
Mia 1 (4,,M,,4.;) (log?, M,) ) a TAPA Um 


as s P E M, a 
e) 3 CM, C 2 at bo 


n 


n=l 


n=l 





Mps — A f, 
È M, A M, all diverge, i 


We, of course, assume M, is enough for the symbols to I 
have a meaning. 


PROOF: The first series given in conclusion (i) has already 
been treated (Theorem 50). From the hypotheses and the 
fact that the logarithm is an increasing function becoming 
infinite with its argument 


log, M, » log, M, and log, M, —- co 
when n—»5o. From this log, M, can replace M, of the 
theorem, and consequently, as just remarked, 


log, M, ntl log, M,, 


P 
m , logo, M, 31 logm AM, 





is convergent. 
* See, for oxamplo, Jordan : Cours d' Analyse, T1, p. 291. 
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Apply the inequality preceding this theorem and we see 
that the m-th term of this series is greater than 
Misi - M, 


n 
Ms CL M.) ogg Mu, logh M, 


à 


— — M, 


wo 


-Ha jet (im Maia) i) (log, M oy 
Then by Theorem 36 we complete conclusion (i). 


o 


Next > (log, M, 


n=l 
diverges; for, denoting the sum of the first » terms by s,, 
we have s, = log, M,4,—log,M,, and hence s, +0. The 
terms of this series are cach less than the corresponding term of 


+1— log, AZ,) 


* M,a-M, 


by our quoted inequality and consequently we have con- 
clusion (ii), 


Theorem 53. If a, = dy4, % necessary and sufficient con- 
S 


oo 
dition that > a, converge is that X, Fay, converge. 
n=1 kel 
n k 
PROOF: Let s, = © a, and t= 2, 2^ay. Then 


n=1 k=l 
Soh F O + (g + g) + ar. + (ge + ove gra 1) 
< $2 G4... + May = Uy 04, 

and consequently, when « X 2**!— 1, 
(2) "IPS 

Moreover, 

Soha = eat Sa) te 

+ (Gong yt Er i) 
2 ata, +2 dyta gH.. t aig = Oy +b har 


l 
Consequently, when 4 z 2^*' that is k S kis i 


(3) pua S 28,— 24. 
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Now by Theorem 8, in case s, —>S, t, $ 28—2a, and by 
Theorem 17 £j, approaches a limit. Likewise in case £, — T, 
by (2) s, X Ta, and hence by Theorem 17 $&, approaches 
a limit. 

A generalization of this theorem is the following, 


Theorem 54. Given A, Z a,4, > 0, also that g, is a 
sequence of positive integers so chosen that gy, > gy- and 


O41 —- 9 S M (95—91—.) 


where M > 0 is fixed; then a necessary and suficient con- 


dition that > a, converge is that > (Jrs — 9) My COn- 
n=l k=1 
verge. 


n k 
PROOF: Let s, = > a, and t, = > guai 95) ge Also 


n=1 k=1 
gi-l 
let A= > a,. Then 
4-1 


$g-17 At (dig +o Fg aa) tot (hg yt eee $y —1) 
S A (fa d) tg, + (9. — 94-1) Ay = At. 
Likewise 


By, = A + thy, + (Gg, 41+ 1 + Og) + oes 


+ (dy, a1 + ty) £ ÁO, t (9o— 9i) Uy, +o 
1 
t (9x — 91-3) Og, ZA+ty + ji (9.99 Qo, es 
T 
T a 0-929 Gg, 


1 1 
= Atay, (1 — a) E uie 
We now have relations corresponding to (2) and (3) under 
the previous theorem, from which point the reasoning is 
a repetition of that employed there. 


Theorem 55. HYPOTHESIS: > a, converges. CONCLUSION: 
nal 






SERIES WHOSE TERMS ARE POSITIVE 43 


e o 
d, i à 
> -2 , where v, = > a, converges if x « 1 and diverges 
n=l Th yan 
df «zl. 


PROOF: Suppose x — 1, then 
Qn $ G1 re. On +h > Unt angit eet Untk = Tull, 


Ta Turi Tul Tr Tu 


For any fixed n, k can be taken so large that 


Pr cn 1 
ntk+i g= 
T 2 


n 


consequently & can be taken so large that 
Soy Coty 4 Sat © 
Ta Tati "atk 
which, according to Theorem 21, assures us of divergence. 
On a 
In case a > 1, when 7, <1 p >, and consequently 
: . n n 
divergence is assured. 
Tuy 


Tn 
780 that 0<7<1anda<i1-—7, Then when v, « 1, that 


is when n is large enough, 


Suppose a < 1. Let q, = Choose a fixed number 








a, a, Ta 1—14 1 
n ^» "n nti "fT T T T 
ARS = EH IL (n-tv) € -05—T2au) 
» gin? J-T Tim AL n n+l 
Ta Th Th 1—9, T 

š 1— 1 

since IE 

1—-qQ, T 


But, : (r7, —15,,.,) is the general term of a convergent series 
and the proof is completed by Theorem 36. 


Theorem 56. Given that a, > 9,44 and. that a function 
f(a) integrable over any finite interval and monotonically 


decreasing can be fownd such that f(n)=a,. Then, >a, 
LL 
converges in case there exists æ fixed x, such that 


ef (e") 
fa $95! 
ef (e) 


when æ > wp and diverges in case ~ir 2.1 when w > my. 


Fe) 
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PROOF: Suppose efe) <6<1 when w > @, then 


Fe) 
[reae [are ac s o Pro at 
e? Wo So 
and hence 


(ise af. FOULO [E FO di- [. £a 
e| E fü)di— f : Od) z af “re dt. 


But this last integral is between constant limits and hence 


e 
is a constant. Hence I; f(t)dt is less than some fixed 
eo 


x 
number. Hence f f (t) dtis also, and consequently the series 


0 
converges by an analogue of Theorem 17 and by Theorem 34. 
Suppose, however, that oo? 21 when «>a, > 1. 


Then, assuming w > e% 


et e 2 w e 
[rata [roa P ereara [roa z[ foa 
Xo eo S, To Xo 
E 
a positive constant. Hence > a,7>0 as a—> 0, and con- 
n=% 


sequently by Theorem 21 the series diverges. 


EXERCISES 


53 to 100. Investigate the convergence or divergence of 
series whose general terms are given below. In case a letter 
as æ or b occurs in the formula, consider all possible cases. 


n—l lg 1 n n! an no 
2n4+3° "mw um an? W? m 10" 








n^ IU n! zah 
mi? ma" Cam 3.6.7. rd. = 5.7..(2m 1), " 
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1 logn 1 Gu. a no 
(nxiy—-m «^ a(logny" 7 +n—1? 
1 ne a+ n (at? 2 (n!) — 8"(n]) 
ix «i! Won’? CAY mo^ a 

"uu mu 
1 B s mue ie 
lg (Va—1) (Vn41— Vn), (V3 1— Vn), 
Vn 1- n 1 — i EN c 
d > (logm)"  (loglog ny" (loglogm) he? 


1 
(log log log n)" » ? 
1 (o. - 1) (2a 1) .. «(na 1). 1 _ 1.8.5... (20-1) | 
cu (b+1)(2b+1)...(mb+1) 2n4+1 2.4.6... (2m) 


5 log ny” 
n l log g 
av’ , 9 og n qos log n, (1 


a 1 


AE u———— Re y BT, qu leBlogin, 
"Umen log (t+n). log (1+n") 


101. Obtain an upper bound* for the remainder after 
nm terms in as many of the convergent series of the last set 
as you can. Here particular attention is called to Theorems 
34 and 36. 


d, : 
ntl oxist? 





102, Ta it necessary for convergence that lim 


Jb — 00 a, 


Establish your conclusion by means of an example. 


103. Is the following theorem correct or incorrect ? 


e 


log n 
log (7+ 1) 





n=1 
104. Is the following theorem correct or incorrect ? 


* «4, converges if Tat cup EE 
< n3 1) log? (n 4- 1) 


n=l 
w 


105. Prove: If >a, is divergent, a second divergent 


nal 


b 
series * b, can be found such that lim -* = 0. 
n=l nom by 
* If », « M, M is called an upper bound for y. 
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When this is the case, > b, is sometimes said to diverge 
n=l 


more slowly than > G4. The theorem of the exercise states 
n=1 

that no matter what divergent series of positive terms is 

considered a more slowly diverging series of positive terms 

exists, 


108. Prove: If > a, converges, a second convergent 
n=l 


series * b, exists such that lim ( E)- =0. 


wai 90 — 0D. 
In other words, given any convergent series of positive 
terms there always exists a series of positive terms which 
converges more slowly. The existence of one such series 
implies the existence of an infinite number. 
0o 
107. Prove: If a, 7 &,,,—0, a divergent series > d, 
5 n=l 
exists such that © andn converges, 
n=l 


00 
108. Prove: If a, < &,,, — oo, & convergent series >, dy, 
n=l 


exists such that > a,,d, diverges. 





n=l 
109. If Sa, and > both diverge, what can be 
n=l o n 
s a, 
said of X of Zr Er Zi! 


110. If 5 a,, converges, what can be said of 


Al 


* Mus d» 01 


DESI 


111. Illustrate by figures at least five of the theorems of 
this chapter. 
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112. Prove: If 








where B, remains finite, then > @,, is divergent. 
n=1 


118. Investigate, by a method of your own, the series 


> &,; Where “ntl = = 1+2 e Bn , p > 1 and B, remaining 
nol n 
finite. 
1 
log — co 
114. Prove: If Sts} 1, > a,, converges. If 
logn e 
leg 
— n a,, diverges. 
Togn d > us 8 


115. Generalize the last theorem. 
116. Prove: If for every n, 


(log 7) [ — 1] sK 





(independent of n), then © a, is divergent. 


n=1 


e 
117. Prove: For >, a, to converge it is necessary that 


tas —1 -1|e. 
a[n( 2-1) 
118. Prove, by a method of your own: If 
ange ys oss 1 
(1 V 0o) foe zií-1, 


to 
then > a, converges, and if 
n=l 


| (1—7a,) 


| it diverges. 


E ES 
log n ~ 
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119. Prove: If 


ln NP HANBIA 


rai = ney Bin? + we + By í , 
where p > 0 and o, ... 0t and fi, ... Bp are independent of 





m, then > a,, is convergent if o,—f, » 1 and divergent 


n=l 
if o,—8, S 1. . 
120, Show by examples that, if © a, and > b, both 


n=1 n=l 


oo 
diverge, then T, a,b, may converge or diverge. Prove 
n=1 


that, if > a, and > b, both converge, then > va, b, 
n=l n=l nol 
converges. 
121. State all the theorems of these exercises, with hypo- 
theses and conclusions. 





CHAPTER V 


SERIES SOME OF WHOSE TERMS ARE POSITIVE 
AND SOME NEGATIVE 


In this chapter, as the heading indieates, we shall treat 
series whose terms are real but not necessarily all of the 
same sign. The reality of the terms will be assumed and not 
specifically mentioned in the various hypotheses. 

First let us call attention to Theorem 26 which has been 
proved for series where the terms are real or complex. No 
theorem is more fundamental in the present chapter. 


co on 
Definition 12. Jf the series > |a,| converges, > a, 18 
4-1 n=l 


said to converge absolutely or to be absolutely convergent. 


oo eo 
Definition 18. If > |a, | diverges but > a, converges, 


wal n=l 
w 


then >, a, is said to converge conditionally or non-absolutely. 
nal 

All the theorems of Chapter IV could now be restated for 
absolutely convergent series. The changes in wording would 
be trivial. However, this is unnecessary as the natural 
course of procedure in any investigation, to which these 
theorems can be applied, is to begin by forming the series of 
absolute values, and then to apply established theorems to it. 


oo 


Let the series to be considered be > a,, and let, as 


n=0 
usual, 8, = @)+..,+@,-;. Denote the positive terms in the 
order of their occurrence by 5,, b,,..., and the negative terms 


by —&, —6,.... 
Let c, — by +... +0,-) and 7, — e 4.6, 4. We assume 
an infinite number of positive and an infinite number of 


negative terms. There is no loss of generality im this if the 
3627 E 
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question ab issue is one of convergence or divergence. If 
there are, for example, only a finite number of negative terms 
the last of which is a, we simply examine the series 
c 
» 
m= k+l 


o 


Theorem 57. HYPOTHESIS: X, d, converges. CONCLUSION? 
n=0 


Either > b, and $ c, both converge or both diverge. 
n=0 n=0 


rRoor: Suppose the contrary and, for example, that 


> b, diverges and > c, CONVErgES Sy = Ty~— Tw where 
n=0 n=0 
m+p=n Ås n—>A, pD, and m—>, 8,—> a limit 
and 7,—> # limit. Henee g,, — 8,4 7, — 2 limit which is 
contrary to the hypothesis. . 

Examples illustrative of each case are readily seb up. 


a o0 
Theorem 58. HYPOTHESIS: > b, and > C, both con- 
n=1 n=1 


e 
verge. CONCLUSION: > a, converges absolutely. 
n=1 


proor: Let 8, = m—T, a8 above, and let 
S, = [e | +] On|. 
Then, S, =m tT, approaches a limit since c,, and r, 
approach limits. 


v 


Theorem 59. HYPOTHESIS: > a, converges absolutely. 


n=l 
w 


eo 
CONCLUSION: >, b, and > e, both converge. 
4-0 n=0 


proor: Let > |a,|=S. e, € 8 and 7,358. Henee, 


t nz 
by Theorem 17, we draw the desired conclusion. 





AND SOME NEGATIVE 51 
o 
Theorem 60. HYPOTHESES: (i) The terms of > Gy, are 
n=0 
alternately plus and minus; (ii) |a,4,| S| @,|5 (ili) a, 0. 


oo 
CONCLUSION: > a, converges. 
n=0 
PROOF: Suppose a, > 0 and let &,, — (—1)*5,. 
Sop = (by — b) + (Og — 5.) (927 033) 

is positive by (ii). Moreover, 
893, = Dy — (by — bg) — «+ = (Bg ,-3 — Do) — Panis 
and eonsequently $,; « 5. 
Moreover, 8,; does not decrease as k increases. Con- 
sequently $,; approaches a limit by Theorem 17. 
S2k+1 = S27; by. 
But b,),—> 0, and hence s,;,4, approaches the same limit as 
8,5; that is s, approaches a limit, » passing through all values, 
as was to be proved. 
Corollary. HYPOTHESES are the same as in the theorem. 
conclusion: |, | « |a; ]. 


PROOF: |r,| 2 | 44 —(&,41— 0544) —...| The conclusion is 
immediate. 


EXERCISES 


122 to 127. For what real values of œ do the series whose 
general terms are given below converge ; converge absolutely? 








n1 n n ge » 1 ^ 
(= DPS es =) Guil (aes 
di NP. m 
(UE E t ctu 


128. Give an upper limit for the remainder after n terms 
in each of the above series when convergent. 


129. Discuss convergence of 





1 + 1 1 1 + 1 1 
atari meet ats? ard grot" 
1 1 1 1 1 1 

and —————-—-~ +—, — - —-—— des 
eo æ+ $472 æ+3 æ+4 æ+5 


E2 
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1 when 225 X « « 22441 : 
—1 when 22551 € « « 22t? 
discuss convergence of 


130, If e, ={ 


Sas, 5e. 
A wlogn’ fr, % 

131. Prove that, if in 14+44+4+4+... signs be changed so 
that p negative signs follow q positive ones throughout the 
series and pÆ g, the series remains divergent, but that if 
p = q it converges. 


132. Prove that, if a > 0, 
a— aita — a ab — ab 4... 
diverges, but that it can be made to converge by the proper 
insertion of parentheses. 





138. Prove that b (—1)"1a, diverges if 
n=1 
1 (— 1) 
by, = um =F " 1 





although the terms are alternately positive and negative and 
approach zero. 


184, Construct another example similar to that of the 
previous exercise. 
185. Examine 
«.B | (x41) 8 (8-1) 
Ey  1.2.y(y+1) 
a (a -- 1) (a -- 2) 8 (B - 1) (B 4 2) 
7773.2.8.y(y*1)(y*2) — 


1 





+... 
for convergence. 


^ 186. Examine 


Pe re dog. d um 

~gtge-at pets 
ide Deh Porte Td 

and Lig g UTI Tg cg tee 


for convergence. 


137. From the series of Exercises 53 to 100 pick out those 





EXERCISES 53 


. series which diverge but which can be made to converge by 


the proper insertion of minus signs. © 
138, Draw figures to illustrate at least two theorems of 
this chapter. 
189. Prove the following theorem: HYPOTHESIS: >, dp, 
n=l 


converges but not absolutely. p, denotes the number of 
positive terms in the first n terms and q, the number 


of negative terms. CONCLUSION : Pai, 


n 
This theorem is most useful in testing particular series for 
convergence. 











CHAPTER VI 
SERIES WHOSE TERMS ARE COMPLEX 


All theorems in Chapter III are for series whose terms are 
either real or complex. The theorems here are more particular 
and are supplementary to those given there. 

The definitions of absolute convergence and conditional 
convergence are the same as those for series all of whose 
terms are real as given in the previous chapter. A most 
fundamental theorem here as there is number 26, namely 
that a series is convergent if it is absolutely convergent, and 
that for such a series 


eo 


2 


© 
= = [E 
n=0 LE IU 


In an investigation for convergence we usually begin by 
investigating for absolute convergence. As has been pointed 
out, if it is desired to apply the tests of Chapter IV directly, 
any theorem of that chapter can be reworded for absolute 
convergence. However, many convergent series are not 
absolutely convergent and other methods frequently must 
be employed. 

Let a, = Bn + yni, where 8, and yp are real. 








Theorem 61. A necessary and suficient condition that 


> a, converge is that both 2 B, ond > y, converge. 
n=0 n=0 n=0 

PROOF: Let sp, = d... dau o 0,7 By cb E, and 
Ta = Yot- +Yn-ı Then s,=¢,+7,% Apply Theorems 
7 and 9, corollaries, and proof is complete. 


e a 
Theorem 62. HYPOTHESIS: > |f,| and > |y,| con- 
n=0 ^0 


oo 
verge to B and C respectively. CONCLUSION: > |a,| con- 
n=0 


vergesand >, |a,|<B+C. 
n=0 
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PROOF: Let S, =| æ+... +| anah Za = (Yol t+] Yn] 
and X,—|B,|-t..-4|8,,|. Then Sp S 3,17, S BHO. 
From this relation we draw the desired conclusion by means 


of Theorem 8. 


Theorem 63. HYPOTHESIS: Š, |a,|conwergesio S. CON- 


n=0 


CLUSION: > |8,| and S | y, | both converge and 


n=0 n=0 
Elbl SS and È Iyl S 8. 
n=0 n=0 
rRoor: |B,| S lanl [Yn] S |o]. Hence, using the nota- 
tion of the previous theorem, 2, € S and 7, € S. The 
theorem follows. 
Theorem 64. HYPOTHESIS: 
a, — r8, 1ó,—du| Sm—28, c 20» 0, 


oo 
n and m any integers. CONCLUSION: Either 7, |a,| con- 


n—l 


Za, 


n=0 
pRroor: Multiply each term of the series through by e - e, 
so choosing y that if 


age =X", —THOSX, 55-8 0<8<7- 


nao 


verges or |s,| — — c. 








This will not affect convergence or divergence as described in 
the theorem as e is a constant different from zero. Let 


b, — a,c and consider T b, Moreover let 
n=0 
3, = bot. HOn- and Sp = MoH. HOn [8a] = |e: 


(1) Suppose > b, converges. Then, as 
n=0 
bn = v, (c08 X, - $ sin x,), 


by Theorem 63 Zones, converges. But 


n=0 


COS Xp Z COS G = 8) = sin ô. 
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oo 

Hence > r sinò converges. But sind is a constant. 
n=O 
c a 

Hence > 7, = > |a,,| converges. 


n=0 2 =0 


(2) Suppose ©, b, diverges. Then, by Theorem 32, 


n=O 


eo n—1 
>: v, diverges to o, that is = T,—» o0. Hence 
n=O n=0 
oo eo 
> 7+, sin é and hence > T, COS Xy 
n=0 n=0 


n—1 
diverges to ©. But |s,|2 TonQcosx,. Hence |s,|— oo 
n=0 
as was to be proved. 


; EN 
Theorem 65. Given “nt! = 1— — — 0, wherea = B ty 
a, W m^ 


n 


is a constant, |A | < K, a constant, and X1; then, if 


B>1 > converges absolutely, if B S 1 it does not converge 
n=1 


absolutely, if B S 0 it diverges. 


PROOF: Assume 8 >1. Then, choose 8’ >1 so that 
B—8'=8>0. Then 








poh Sel 2 cera 
Ty nò a q^ 
=N0- + Ge 
a Ey IEQB.EGLE 
& adm) 5 Er E E des 
A: E) 1 «^ m ur E pee m’ 


/ 
for sufficiently large values of n, since 2 (i — sa - is an in- 
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2 
finitesimal of lower order than 2 &c., when n— œ; that is, 








a ^ 
e i - for » sufficiently great. From which 
n 
Gy : 
Mo»: 
Oy n— B' 








Now apply Theorem 42 and absolute convergenceis established. 
Next assume 0 < 8 X 1. Then 


-|& sql vals 8. 
La n 


m^ n T n 


Gyr 


ay 








apte 
To 








Apply Theorem 42 and divergence of > |&,| is readily 
n=1 
proved. 


Assume 8 = 0. Then 
|1- yi Ant Bri 


MESI = 


oy 


TU 


A 











n w 


s K 
When m is great enough 1— —; » 0. Hence, by multi- 
m 


























plication, 
|o | m, Ces “dy 
Om, Am Om 1 i 
i z) - mag) - 0-722 
>( (m+ mE 
But 


«i 6-67 
- Xw-L. > log (1-4), 


vla yam 


g K 
since 1—4 < 1. 
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But this series converges, as is readily shown by Theorem 
38 and Example 3, page 30. This means that 


log 





à 
-2| > G; 
Am 


that is that 





a, 
a 2 6, 0r A > y| Gn |» 
V 





Hence, o, 4 0, and divergence is established. 
Assume B « 0. As when 0 « B S 1, 
> 1-8 _lAal 


M nè’ 


Ul 


ay, 








from which we sce that for sufficiently great values of m, 


Anti 


On 


>i. 








This means &,„ +> 0, and divergence follows. 


ad a 
Theorem 66, HYPOTHESES: (i) Fa =1— 
n n 


the previous theorem ; (ii) 8 > 0. CONCLUSIONS : 


o oo 
È (- 1an and È onin 
n=0 


n=0 


both converge. 


PROOF: As shown in the previous proof, when £ > 1, if 
we take 0 < 8’ < B, we have 


Anti 
an 








<1-——; 


and hence, by multiplication 


B: p p! 
* Gc E seriei ee 
When »—»o the right-hand member approaches zero, 
as is readily proved by taking its logarithm, allowing 


to become infinite and showing that the resulting infinite 
series diverges to —oo. Details are omitted. It results that 











An 
Am 
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oo 


dy —> 0, Consequently, > [}an|~|¢n4[] converges. Now 














n=0 
1— Qnty a ae An 
| bn —@n+1| as an | <|” a^ | al. 
[45 |— | 2-4 | j |in = Ø B 
hn n 








o 
Hence, by Theorem 38, 7*, |à, —«4,,| converges. 


4-0 
w% 


We next examine > (—1)"a,. 
n=0 
oo 
> |azr—@gp+ı| converges as it is a series of positive 


k=0 
o 


terms composed of every other term of È |an—anp | which 
n=0 
we have just proved convergent. Hence, by theorem 26, 
bo (Q5, — Qa i) 
k=0 
converges. But, as @,—> 0, we can drop the parentheses and 
have the desired result ; namely, that > (—1)"a, converges. 
m=O 


EXERCISES 


140. If © a, converges and amap denotes the angle of 


n=l 
o 
Gm in the complex plane, what can you say as to T aman? 


n=l 
o6 


Conversely, if > aman converges, what can you say of 
n=l 


$ co". 


ib 


141. Discuss convergence of 


n=l 


60 EXERCISES 
142-143. Show that 


Zier p 1| 


and SC — log ( i L)) 


both eonverge for all values of 2 except 0, —1, —2, —3, 
The determination of the logarithm i is, in each instance, to be 
such that its imaginary part is numerically as small as 
possible. ‘ 





144. Discuss convergence of 
1 l H 1 i| T i 
z Teu wed uad 224. Z4% PES 
for complex values of z. 





145. Damne for absolute convergence, 
e 











Cn, e i 
where |6,|— oo p z d Cn hrs any 7. 

146-150. Examine the following series for convergence at 
all points on the unit eneles 
eg g2h-1 E. 2 = 

n’ 2 , Xco = (n—1)(n+1)’ 
wal n=1 n=2 


Zi 
mal 
151. Prove, by a method of your own: If 


d, a gi 
uw. ,,4 287 gas. 
Oel T n 

e 


where y remains finite and A » 1; then, > a, is absolutely 


an 


m 


n=l 
convergent if « > 1 and does not converge absolutely if 
a < 1 and diverges if a S 0. 





152. Prove, by a method of your own: If zn is of the 


n1 
form of the last example and a > 0, È |a,— tny | con- 
nel 


verges, 


CHAPTER VII 


TRANSFORMATIONS OF SERIES AND OPERATIONS 
WITH SERIES 


In this chapter the terms of the series are any complex 
numbers unless a specific statement to the contrary is made. 

Infinite series are not polynomials, and theorems holding 
for polynomials do not necessarily hold for infinite serios. 
This fact will be vividly illustrated in the following theorems. 


$1. Series formed from a given series. 


eo 


Theorem 67. HYPOTHESIS: Š, d, = s converges absolutely. 


n=0 
eo 
CONCLUSION: > Oy, converges to § also, where Ayr Ag, vee AYE 
n=0 
the integers 1, 2, ..., chosen in any order, none being omitted. 


rnoor: Let aot. tapi = 8, and a +. +4, = Tm 


Let m be given and choose n as great as possible so that each 
one of a,,...,@, occurs among das rn Oa Denote those 
terms of Vy rr Oan not occurring among «4, ..., % by 


D 
Bay o Dapon? X £ Aa L < ga Then 


Anen 
Ty — 8 = 8, —- 8+ Om —S, = 8-8 HAy +My Ho Ha 
Hence, 
[on-s] = [8,—5| F | l T [ag Tee 
+ lanal Elas] + [len] + least +.) 


o 
Due to the convergence of the series, > an |s,—s|— 0 
n=0 


o5 


mw’ 


mn 


when «, — co, and due to the convergence of. 79, |a, |, 
n=0 
[len | 10,44] t ...] — 9 also. 
Now, when m — c, n—»o. Consequently, |o,,—5s|— 0 
when m, — co, which proves the theorem. 
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oo 
Theorem 68. HYPOTHESES: (i) > a, converges to 8; 
n=1 
(ii) Ay, Ags -u are the integers 1, 2, ..., chosen in amy order, 
none being omitted; (iii) |n—A, |< G, a fixed number. 
e 
CONCLUSION : > a, , converges to s. 
f 
n=0 
pRoor: Use the notation of the previous theorem. Then 
take m X n4-G. Let e> 0 be given. 


|om—8| s [8,5] F [da He Haynal 


Let b be the largest of any of the terms | da, m | en | 
Then |uy ele, Lus Gb. We know that s,—s. 
^ 1 Mn 


Consequently we can choose an 4i; so that when n > ñ, 
€ 
| $,—8 | < 2 j 
Now a —>0; and since o,— o, b— 0. Hence we can 
— € 
find an m such that, when m >m, bG < = Then, when 


both m > m and n 4 which is true if mz 4-4 G and 
m >m, |o,—8| < € 
which gives us the proof. 

The last two theorems can be summarized by saying: The 
terms of an absolutely convergent series can be rearranged at 
pleasure without altering the sum; the terms of any con- 
vergent series can be rearranged at pleasure without altering 
the sum provided the displacement of no term exceeds some 
fixed number. 

wo 
Theorem 69. HYPOTHESIS: > a, is a conditionally con- 
n=l 
vergent series of real numbers, and s is any arbitrary real 
number. CONCLUSION: Jt is possible to choose the integers 
1, 2, 3, ... én an order ry, Ags Agy vos omitting none, so that 
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proor: Denote the positive terms in > ay, by 54, 5, ..., 
n=l 


and the negative terms by —c,, —¢cy, .... The series 


> b, and > e, both diverge; otherwise, by Theorems 57 
n=1 wal 


and 58, > a, would converge absolutely. Being series of 
wal 

positive terms, they diverge to plus infinity,* by Theorem 32. 

Suppose s > 0 and begin by choosing the a,’ ’s as U's until 


we have a sum greater than or equal to s. As soon as this 
occurs choose —c’s until the sum is less than s. As soon as 
this happens choose b’s until the sum is greater than or equal 
to s, then —c’s until it is less than s, and so on indefinitely. 

Denoting the partial sum thus formed by s,, we have 

|s—s,,| S [aj I, 

where u, is that term last added when s, changed from being 
smaller than s to being greater than or equal to it, or from 
being greater than or equal to it to being smaller, a;—> 0. 
Hence s, —> s8. 

The arrangement is not unique. The details of the process 
can be changed in various ways. 

In case s is negative or zero the process that we have 
described contemplates beginning with —c’s and proceeding 
as when s is positive. 


Corollary 1. In the rearrangment of the terms contemplated 
in this theorem a finite number of terms can be omitted ; 
since the resulting sories with the terms taken in the original 
order would still be conditionally convergent. 


Corollary 2. The numbers ^, can be so chosen, no positive 


integer being omitted, that > CA 


n=l 


will diverge to plus 


* It should be remembered that this is only a formal way of describing 
the behaviour of the sum of the first n terms when n+. 
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infinity,® minus infinity, or so that > d, will oscillate 
woh 
indefinitely over any prescribed interval. 
Proof follows closely that of the theorem and details are 
omitted. 
Corollary 8. In case a, is comwplem, d, — B, Cy, either 


eo 


TB, or > Yn must converge conditionally. If, for ex- 


n=l n=l 


o 
ample, ©, Bn i8 conditionally convergent the terms of the 
n=1 e 
given series cam be reordered so as to make SD B,, behave in 
n=l 
a manner prescribed as in the theorem or as in Corollary 2. 


Theorem 70. HYPOTHESES: (i) a, > 9; (ii) &, > 93 


(iii) > a, diverges; (iv) tis any arbitrary positive number. 
n=0 
conciuston: There exists & sequence of integers Jr (v) Z v 1 
such that yon 
lim È œ =t 
no?yoca 
proor: Suppose that when n > M, tp <t. Ltin>m 
and choose y (n) so that 
Apya Te T Oy (n-i StS apate Ey 
Sinee a, — 0, 
(Opr H t ym) 7 
The choice of yp (n) is not unique. 


Theorem 71. HYPOTHESES: (i) S (pat ign) diverges; 
n=0 


(ii) Pn > 03 (li) Pu 0; (iv) F 0; (v) tis amy arbitrary 
nm 


positive number. CONCLUSION: There ewisis œ sequence of 
integers y(n) Z n1 such that 
yin) 
lim È (p+ig)=t 
RPO yaar] 


* Seo comment on Theorem 32 and the last footnote. 
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proor: Let ¢> 0 be given and let 6 >0 be arbitrary. 
There exists an N, such that when v Z N, |q,| < dp, and 
consequently, such that 





yo | wn) 
> al< È m 
v=n+l , yq 
Choose y (n) such that, when n > NSN 
v) | 
> py—t <ô. 
ya 





We know from the previous theorem that this can be done. 
Now, 


PT) | v Q1) y(n) 
zi SEI 2 tl + Z i, 
pant] | ml pnl 








< 64+8(l4+8) <€ 

Ẹ 
1+2t 
positive, the theorem is proved. 


if d< 





and à «f. Since 8 is arbitrary bui for being 


Theorem 72. HYPOTHESES: (i) a,b, bab... COnWwerges 
tos; (H) at... +a = 
ügy tee +A, = XX, 


agp t e Og, 77 0; 


where k, l, m, ... are amy positive integers. CONCLUSION: 


©, a, converges to s. 
n=1 

pRoor: Let e >0 be given. Let s, = db «t ui and 
Sin = OX t et e Choose M so large that |s,—8| « € when 
mM. Now, Sm = 8w where am =m. Consequently, 
when m > M,|S,—8| < €; which constitutes proof. 

We ean loosely oxpress the content of this theorem by 
saying: Parentheses ean be inserted in a convergent series at 
pleasure without affecting its sum. 

In the next theorem we shall continuo the notation used in 
the theorem just proved. 

3627 F 
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o 
Theorem 78. HYPOTHESES: (i) > Cm converges to 8; 
m-l 


(ii) py = Ste tay, (ili) L-k< G a fixed wumber ; 


(iv) &,— 0. CONCLUSION: Š, a, converges to s. 
w=0 


proor: Leb e > 0 be given. 8, = S, p, where 


$ 
Dy = > ay, t-9 < G. 


keg 
Take M so large that when «m » M, |S,—5| « z: Then 


take N 2 GM, so large that when n > N, |a| < a Then, 


when n > N, m > M also; and consequently 
[8,—8l s |8n—8| + FA «te 
Theorem 74. HYPOTHESES: À, — af) +a{)+..., 
A, — a paff iss 0, 4,= oPtaP+... 
are convergent series, CONCLUSION : 


D> ave... tae) = > a, = 4A, +... +4. 
nol n=l 

pROOF: Let s(/? — aQU.E,.. pag, m m hoses k, and let 
S,=a,+..+%, Then S, = si+...+9f?. Hence, by 
Theorem 11, Cor., S, > A, +... +Ag- 

In the theorem just proved it has been shown that any 
fixed number of convergent series can be added term by term. 
The question of passing to an infinite number is answered in 
part by the following theorem, also see Theorem 90. 


co 
Theorem 75. HYPOTHESES: (i) È, A, converges, where 
k=0 


eo o wo 
A4,= > qp, a; Gi) letting > Oh, n = Ph» > pr, = Rp 
n=0 n-P kg 
converges for all values of P; (iii) Rp—> 0. CONCLUSION: 
e 
© ap, n converges to a value which we call B, and 


k=0 oo oa 
> B= > Ay. 


n=l k=0 
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T 
PROOF: Ap, p = 7j —,4,"j and consequently © ahn con- 
k=0 


verges by hypothesis (ii). We write A, = Af + pry. From 


which e co co D-1 
2 oA X AP > = > B,+Rp 
k=0 r=0 k=0 n=0 


by Theorem 74. But Rp—>0. The theorem follows. 
Theorem 76 (Lemma). HYPOTHESES: (i) &,,,,— 0 for 
every fuwd pz 0; (3) © (npl < K for every value of 


pco 
n > 0; (iil) @,—> 0. CONCLUSION: 


Fp, = Oy, gh + by, F e HOn Ly, —> O0. 
PROOF: Let e 0 be given, then if M is large enough, 


€ 
when n > M, |,| < 3j and as a result 


le] < |an oot «E Ou, tiU | + y 


Now with M held fast, choose n so large that 


€ 
KA jj | < zM 
for j = 0, ..., M simultancously. Then |e |< e and the 


lemma is proved. 
Let 4a, = a,, AV a, = a,—G,,, and in general 
A40 ay, = An-1) ap — A0 hy, fs 
One readily shows that 
Aa, = Oy — ($) e.a (D) 9457 C D" QD aus, 
where m= f 1)... (91) ect a) 
le 


e 
Theorem 77. HYPOTHESIS: (1) > (—1)"a,, converges to 


n=0 
oo 


A. GONOLUSION: 7? 
n=O 
The (— 1)" is inserted for convenience but is not intended 
to infer even the reality of the terms. 
FS 


A40 g, 
=a si converges to A. 
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AM a : 
proor: Consider first ed and let ay,» of the lemma 


be 20 and @, =a, We have the hypotheses of the 
lemma satisfied a 


a m <3 on ; ni — 0 

when n—> œ and, 
wd 1 

= d ae 

Èa p= e= 
= 

Of course &,, — 0. 

Henee, 


` 1 
(3) lim 5; 40a =0. 


WO 





Next, set Or n = (— yk [5.4704 em Lata |- 
Then, by (2), 


pl k 
S avete bai dm o CL oy 


n=O 


We thus obtain an infinite series for each term of (1). 


We wish to apply Theorem 75 to the resulting array. 
On account of the relation 
ANER an = 40a, — A00 Otis 
we can write 
co 
b=0 
in the form 





o 
S glat(- yi 40a 7 C amas] 


a [499 a, — Em ( — 1)! 49a, ]. 


Binee a; — 0, A™ a, —> 0 when k—> ow. A: 


< 400 (a) 
> hyn = ` 


gurl 
k=0 
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In order for the theorem to be complete, it now is only 
necessary to show that Rp of Theorem 75 approaches zero. 
Using the notation of that theorem, 
AP a 
Pr: = (— 1) PR 
and consequently, 


JU e i 
Rp = Pri > (—1y AP ay 
2 k=0 





Now, let | (—1)*(a, — a5, -F Gg 4a — ...) — Ty. 
Write A? Da in expanded form and we have, 
pp EDN t tre 
oP+1 
by the lemma since rp— 0. 


$ 2. Multiplication of Series. 


oo o 
Theorem 78. HYPOTHESES: (i) J, a, = A and > b =B 
n=l n=1 
both, comverge absolutely; (i) ot, and B, ave two sequences so 
chosen that as n takes on the values 1, 2, 8, ..., every possible 
permutation that can be formed of two positive integers ts 
presented once and only once by Xp, Bas CONCLUSION : 


e 
= a, bg, 


nal 
converges absolutely to the value AB, 


Proor: Let 2 la| = A, * [5,| — B, 


wal 


m 
m = 2 Qa, Dg 8j — 5 a, t= > bys 


n=l n=l mal 
and let any « > 0 be given. Choose m so large that what- 
ever value n happens to have at the time, Sm contains each 
term of the product 
Snin = (@ t Aat... + An) (0, +0, 4+... +6,). 
Then ep = D a; Where Hau is a sum of terms of the 
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form dy y bas where at least one of Oy B, is greater than m. 
Then, with p ehosen sufficiently large, 
HUI B {| Anti |+ ec | Qnty ] [| by | + cok | Darp \] 
[bas EE tl barp lalt + | np lle 
Let à be given and choose an M so that, when n > M, both 
{| tanl t "es [6,4] E à and Ll baril t vet t ose i < ô. 


Moreover, | ay'| +o +1 ney | <A 
and AENEIS 
Then |e4,—4B| € [5,5, — 4B | Ryu! 
& |s,t, AB | e 8 (4 +B). 


Now choose V > M so that when n > N, 
€ 
[8,4,— 4B < 9? 
and let à be so small that 
8(A 4 B) « : . 
Then le,— 4B| «€ 
completing the proof. 

This theorem can be loosely expressed by saying that 
absolutely convergent series can be multiplied together like 
polynomials. 

Tn case one of the series is absolutely convergent and one 


conditionally convergent we have the following, but not so 
general, theorem. 


o 
Theorem 79. HYPOTHESES: (i) D> a, = converges 


n=l 
oo 


oo 
absolutely; (ii) D 6, = B converges. CONCLUSION : 2a 
n=l n=1 

converges to AB, where ¢, = a,b, t SD, a eee n by. 

proor: Corresponding to every 7", there are two positive 
numbers which we take as small as possible * and denote by 
en and e}, such that 

[Gs eg] * vet [o Sey 

and [Ogagt nT Ontp! ze 
for every p 2 0 and q 2 0. 


* In this connexion see the discussion of inferior limits in chapter XII. 
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Let (, =¢,+...+¢,. Then 
C, RS Syl, — 49 5, — ts (b, + b, Tne Oy (b, tes +b) 
s, and 4, having the same signifieanee as in the previous 
theorem. From this 
|G,-AB| € 1st, — AB 4| as |] os [| | as Our Pa ee 
4 [a, H0, 554-0, | S [8,6 7 ABI Lnd e [s] c ee 
* |a, | e 
According to Theorem 21 &,—20 and «0. Let m be 
the largest integer contained in He and let G >e} for all 


values of and let 7, be as small as possible but as large 
as any one of the set el -erar Simai eith Thon 
| 0,—AB| í |8,t,—AB|+ (| eto |  --- +| dm |) Nm 
+ (| Gl | " ae se | Gy \) G s |8,0,— AB| * €o?]hw + Emt G. 
When n—> œ, m—>œ. Consequently 5,,— 0 and €,,44—» 0. 
Since |s,4, — AB | — 0 also, | C, —A4 B| — 0 and the theorem 
is proved. 


In ease that > a, and > b, both are conditionally con- 


nal n=l 


vergent and if > e, converges, it converges to the value 
n=l 

AB. Before proceeding to the proof of this theorem we 

introduce three lemmas or subsidiary theorems. These 

theorems are of great interest in themselves, although their 

introduction at this point has primary reference to their 

immediate application. 


Theorem 80. Lemma 1: HYPOTHESIS: 8, —> 8. CONCLUSION: 


8, +8 1 +8 
§,= 5 t +s, 


— 8. 


proor: Let, = 6-8,- Then 
Re de Ty Tg eee Ey 
n : m 2 
We consequently will have proved the theorem if we prove 


h nr 
that MATH FT 20 it 0 
m n i 
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Let any e» 0 be given. By Theorem 6 there exists a 
g>0 such that g >|7,|, % = 1, 2, 3, ..., and if a d > 0 is 
given, an M2 1 can be found such that when n = M, | | <6. 
Choose a. 8 and let » be greater than the corresponding M. 

[rb sr E neca EID LA 

< (M-1)g+(n—M+1) 8 < Mg 4- à. 


2 M, 
Choose 8-5 and let n > T, 'Then 


neo, 
n 
which gives us the proof. 


« €, 








Theorem 81. Lemma 2: HYPOTHESIS: Á,— A, B,— B. 


CONCLUSION : 
(1) A,Byt-t An Bi, ap. 
Tu 


pnoor; ZiPate 4s B) ap 
n 


_ (4,—A)(B,—B) + s GL - A) (B, — B) 
B D 
$ (Ait. tAn) B + (B +. +B) A —2 AB, 
n n 
Consequently, by the previous theorem, this theorem will be 
established if it is shown that 
(4, — A) (B, — B) *- ...£ (4,— 4) (B-B) o. 
Tb 
This, however, is exactly the form (1), if A;—A is replaced 
by A; and B,—B by B, We wil do this and prove the 
following theorem. 
HYPOTHESIS: A, — 0, B, — 0. CONCLUSION: 
ABa tA B 
Tb 
Let « > 0 be given. There exists a g > 0 such that 
|Anl< go [Bul <9 = 1 2 8 o 


0. 


€ 
and an M such that, when n > M, |A| < ; and | B,| < 7 
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simultaneously. Let n > 2M+1. Then each term in 
A,B, +...+A, B, will contain a factor with subscript greater 
than M. Hence 
|4,B, t... A,B,1 « guy» = en, 
Ay By +o AyD) 
d 
which completes the proof, not only for the case that A, — 0, 


B, — 0, but also for the more general case that 4,— A 
and B, —> B. 


Theorem 82, Lemma 3. HYPOTHESES: 


and hence « €, 


() 2€a,— A and 2 b,— B; (ii e, — a,b, - ... a, 


n=1 Lr 
A Cit. +0, 
(iii) 0, =+.. +0. conorusion: Sie EUa AB, 
w 
v v 
PROOF : C, = > oy (+... Foa) = > Os B, a 
a=1 a=1 
sd 2 B, saa 
a + +0 1 2b v asl 
n Z I b4ua 
vela=l 


t 


> n n 
1 1 
= a = 2 B, un =n > B, (a, et saa) 
a-1 


a=lyca 


= > Bi Anan zz E An z T *B,4, — AB, 
E 0 
by Theorem 81. 
We now are in a position to formally state and prove the 


theorem to which the three previous are lemmas. 


o oo 
Theorem 88. HYPOTHESIS: > a, =A and 2 b, — B, 
n=l nel 
oo 
and © o, converges where c, — a,b, 4-... ca, by. CON- 


n=l 
eo 


CLUSION: > ¢, = AB. 


n=1 
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proor: This theorem is an immediate consequence of 
lemma 1 and lemma 3. 

The inverse process of multiplication is, of course, division. 
If we consider three series, 


U= È u, V= 24%, v = 9, X= È w 


n=l n=1 nol 


w 
where g = v and when n > 1, 
1 
Uy, — Wy Vy — 990,4 — 1o 
2 UEEEEP 
vi 


vy, = 


and multiply formally by the rule that we have been using 
we obtain U — XV. The past theorem actually gives us 
the following. 


Theorem 84. HYPOTHESIS: Series U, V, and X converge. 
CONCLUSION U — XV. 


§ 3. Termwise multiplication of series. 


o oo 
Theorem 85. HYPOTHESIS: > a, and D 5-54 


n=1 nol 
o 


both converge. CONCLUSION : D> a,b, converges. 


n=l 


proor: Let an e > 0 be given and let 


nm 
8, — > o. 


vol 
Then Q, — 8,—8,.4 7 ($,—8) — (8,-.1—8) ; 
n+p n+p 
and hence > a,b, = > [(s,—s) — (s,-, —9)] b, 
vent] vortl 
n4p-l 
= 2 (8, — 8) (b, — b, +) = (8,—8) Data th (85 — 8) b, ty 
y — ntl 


Choose a ô > 0; and then, let M be so chosen. that when 
nw > M,|s,—8|< 6 Moreover, 
m4p-l 


È 14a < B 


port] 
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a certain fixed number, for any n and p. Consequently, 
when » > M and p 2 1, 

n+p 
| > ab, 
P 


zal 


« Bà &3|b, 4, | 8]5, us]. 





But © |b,—b,,,| converges, and consequently 


nel 


X (b, — 5,44) 
n wal 


converges, that is © (bbnr) = bbm 
n=l 
approaches a limit as m —> œ. This means that b,, approaches 
a limit and hence that there exists a c, such that |,,| < ¢ 
always. Take this c > B; and then choose ô < 3; and we 
c 


n+p 


2 ay b, 


pmdgdl 


when n > M, thus completing the proof by Theorem 21. 


have 
<€, 











a 
Theorem 86.  HYPOTHESES: (i) | > an| <9, & fixed 
u n=O 
number; (ii) © |b, — bas |= G@ converges; (ii) b, —> 0. 
5 0 
CONCLUSION : aq, b, — S comverges and |S| < gG. 
usd a 
PROOF: Let s, = Toa Then 
nal may 
> Oi: On = Doso +O (81 — Sa) + ba (88—81) +e 
n=0 ei 
5,4 (85-17 84-3) = > 85-3 (5,717 5,) 5,15, 
5 es 
Now 2) tal 5,2 -5,| S 9G. 
n=l 
o 
That is, X sab) 


n=l 
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converges absolutely and, by Theorem 26, the absolute value 
of its sum is less than or equal to gG. Since bp-18n-1 7> 0, 


w 
> Qr b, 


n=0 


converges to the same value as 


> 8,-1 (bi, E b). 


n=l 


This completes the proof. 


EXERCISES 


158. Critieize the following: 
log 2 = 1—44+45-G+-. 
= 14+(4-2(%)) +3-G-2@) +. 
=[1+94+3+..]-2b+atet--] 
=[1+4+4+..]-[ +++ i]. 
154, Give other examples illustrative of the errors in the 
work of the last exercise. 


155-156, From your knowledge of 
* (— 1)” 
n=1 m : 


what can you say of 


o0 


1 1 1 a] a 
apao 2 laa at 4k] 

157. Prove: Any conditionally convergent series can be 
converted into an absolutely convergent series by the proper 
insertion of brackets. 

158-159. Using the transformation of Theorem 77, calculate 
to five decimal places 


oj we 


Tee 
Tee 


oe we 
ae ple 


1—4+ 
and 1—4+ 
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160. Prove: The sum of a conditionally convergent series 
of real terms is not altered if the displacement of the n-th 
term, multiplied by the absolute value of that subsequent 
term having the greatest absolute value, approaches zero 
when 4 — co. 


wo 


o 
t, A ] 
161. Prove: ——, ^H convergos if T a, converges. 
2 
n=1 nal 


162. Discuss the converse of the theorem of Exercise 161. 


163. If a, — o and b, — 5 and 
Cb, + «i, (b, — 5.) + s (ba — b2) +o 
converges to S, prove that 
b, (a — de) + ba (Og — a) + ba (Ag — 24) - 
converges. Determine the sum to which it converges, 
164. Prove: If > a, converges and if a, > @p}p 
n=l 


eo 
zi T (2, — Qat) 


nal 
converges. 
165, 166. Arrange the terms of 1—4+4—-4+... so that 
the new series will have the sum 10. Arrange the terms of 
1—4+4+4—4+.,. so that the new series will have the sum 0. 


2 k 
167. Show by an example that > Amt may converge 


k=0 


when > (—1)"a,, diverges. 
n=O 
168, Discuss the Cauchy product (Theorem 83) formed for 
the two series 


i EG) etie Zn) 
nel n=l 


169-172. Using Maclauren’s formula from calculus, having 
found series expansions for e*, cos w, sin œ, log (1 +æ), sin™! æ, 
by multiplication find series expansions for e* cosa, e* sina, 
(14+a)log (1+), coswsin“tw. Draw what conclusions you 
can relative to convergence. 
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173, Prove: 
[LHE a* a uuu — 12-22 32? E 4 es 
when |#|< 1. 





174. Show that > cr and > Er can be multi- 
d qu 


n=l n=l 

plied by the Cauchy rule (Theorem 83) when and only when 
a4 B » 1. 

175. Show that 

&ü-&t&-it..) 

—-4-$0435 tUi d) SLT EtE +A) T 

formally. 

Test this series for convergence and draw conclusions 
relative to the use of the equality mark. 

176-177. Considering the alternating series 


> (— 19-7 0 and 2 (— 19-3 b, 

n=l LL 
Qn > Qp — 0, b, 5,44 — 0; provethat for the convergence 
of the product series formed according to Theorem 83: (1) it 
is necessary and sufficient that 

Wy = Oy Dy + yy dg te Fd, > 0: 
(2) it is necessary and sufficient that both 

a, (by +o +d,)—> 0 and b, (ay +... + Gy) — 0. 


178. Is the following theorem true or false: If b, — 0 but 
2 ba diverges, È (abure + Ogbprya t e H Opbrryn) CON- 
n=l r=0 
verges, if and only if a, -F à; t ... t à — 0. 





OHAPTER VIII 
MULTIPLE SERIES 


§ 1. Double sequences and series. 


Definition 14. If each permutation (p, q) of any two 
positive integers determines a particular number, we say that 
we have a double, or two-dimensional, infinite sequence. 

We can denote the sequence simply by ap, ọ Clearly it is 
not necessary that p and g be positive integers. Any num- 
bers that are put into one to one correspondence with the 
positive integers will do. 


Definition 15. The double sequence œp, q is said to approach 
the limit A, if corresponding to any € 7 0 there exist two 
numbers P and Q, such that, when p > P and q > Q simul- 
taneously, (apg 4| <6 We write — lim =Å. 


pwo, g> o 

The following three theorems are proved similarly to 
corresponding theorems for simple sequences. We shall 
number them as one theorem. 


Oog 


Theorem 87. A necessary and suficient condition that 
a double seguence dy, q converge, is that, given any e > 0, it is 
possible to find (1) a P and a Q, such that, whenever p > P, 
q> Q r9, and s 0, | er, ges — Cp, ql «t€; or (2) o 
number M, such that, when p > M, r > 0, and s > 0, 

| Oper, ps — Cy p | <€; 
or (3) æ number m, such that, when p > m and q > m, 
| Ang Om, m ES 
Proof is omitted. 
It is to be remarked, that 


lim (lim o, 


lim 4,9; p». "n 


Pron, gre pro g+0 
have different meanings. The reader should set up illustra- 
tions displaying this difference. 


and hun (lim a, a 


+R pro 
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Definition 16. The totality of numbers ay, q constitute an 
infinite double series or simply a double series. 
Tt ean be displayed in the following manner : 
Qu Gg Gi Ouse 
Oy Oog Og Ogg or 
(1) 


Qg Mga Ogg 


3 


au fet 


Qu Nyy Ayy Oa e 


Each a, is called à term of the double series. We shall 
speak of the rows and columns of a double series. This 
terminology applies to the array (1) and has an evident 
significance. 


Definition 17. The double series (1) is said to converge if 
all simple series chosen from the terms of (1), 80 as to include 
every term of (1) whatsoever, have the same sum. This 
number is called the sum of (1). The series is swid to con- 
verge to its sum. If (1) does not converge it is said to diverge. 

Examples of such simple series are 
(2) dy + yg + bag TF Gg FO + digg + yg + Ogg + Gar +s + re 
F Aga + Oga + Ogg + Usa + Og Foe 





(3) Qy + Aja + gy + Oy + gg + gy + Org + May + Mae + Gay Fore 
In deference to convention the double series (1) will be 
written with plus signs thus : 
Oy Hyg + gto 
(4) + hy F Oog F Oog Hee 
+ dgy + gy + ss se 
+. ; ; : 
It is to be remarked, however, that the plus signs play no 
greater part here than in the case of simple series, as ex- 
plained in section 1 of Chapter HI A second and more 
compact notation is > aj. Neither notation is to imply 
islj-l 
convergence. 
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Changing rows to columns and columns to rows in no way 
affects a double series, it simply changes the form in which 
the terms of the series are displayed. Any theorem proved 
with reference to the rows and columns of a double series 
can be restated changing the word row to column and notation 
for row to that for column, and conversely. 


Theorem 88. A necessary and sufficient condition that 
the double series (1) converge, is that the double series whose 
terms are the absolute values of the terms of (1) converge; that 
as, that the series 

| yy] +] | +] Og] +. 
(5) F | gy | + | Ogg | + | ag | + oe 
[6 | [6s | E | s | 
Hex . s s , 
converge. 
PROOF: (i) Necessary : 


w% 


Let > b, = B be a simple series whose terms are chosen 
nal E 

from the terms of (1), omitting none, as explained in Definition 

17. This necessarily converges absolutely, otherwise we 


could rearrange its terms, having > b. f Æ B by Theorem 69, 


n=l 
w 


Corollary 3. Since > |6,,| converges, every simple series 
n=l 

chosen from the terms of (5), omitting none, converges to B; 
and hence, by Definition 17, (5) converges. 

(ii) Sufficient : 

This is an immediate consequence of Theorem 67 and 
Definition 17. 

As a result of the theorem just proved the examination of 
a double series for convergence or divergence generally begins 
with an examination of the series of absolute values. This 
problem can be reduced by the definition of convergence to 
the examination of simple series with positive terms. There 
are, however, some other useful theorems which we proceed 
to develop. 


3627 G 
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Theorem 89. Let 
Gy F yy Agt s 


(6) + Ay + Aog F Qog t ere 
+ Og + gy + gg + 
F ` . 
be a double series. HYPOTHESES : (i) AU the terms are positive, 
a; 7 0; (ii) ag, ayy +... = A; converges; (ii) A4,+4,+... =A 


converges. CONCLUSION: (6) converges. 
proor: Form the simple series 
yy F yy + yy + yg + Ogg + Oy b eee i 
that is, follow the diagonals in the rectangular array from 
the upper right hand to the lower left hand. Denote the 
sum of the first n terms of this series by s,, then s, < 4 
always and hence approaches a limit. Any other series 
would simply be a rearrangement of the terms of this one 
and would converge to the same value, The double series 
consequently converges by Definition 17. 
Theorem 90. Let 
Qy + Agg F Ajg E ee 
(7) + Qoy + ag + Ogg + ++ 
Tg + Ogg + Ogg + + 
xx i 
be a double series converging to A. No hypothesis as to the 
mature of the terms is made. CONCLUSIONS : 
(i) a4, Gig Quae $015 2,9) ess 
converges absolutely to a value which we denote by A 
(ii) 4,+A,+A,+... converges to A. 
PROOF : (i) Suppose the double series of the absolute values 
of the terms of (7) converges to B, then 
[agri t+] Oo] +... +| Gen! zB 


for any i. Consequently, > | din | converges, by Theorem 
nel 


17; and consequently, > «4, converges, by Theorem 26. 


wal 
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(ii) Let p be any fixed positive integer. Then 
[dy E tlan] 
+. è 
+ [ap |+- +] 8p l S B. 
Consequently, by Theorem 8, 
|A,|+...+|4,| SB. 
Hence, by Theorems 17 and 26, A,+4A,+... converges. 


Suppose that the value to which it converges is A. 
To prove A = A: Let e > 0 be given. Let 


o, = Ayt..+Ay 
and choose an m so that, when n 2 m, 
(8) | o,—A | < Y 


Next consider the simple series formed by following succes- 
sively the sides of rectangles in the two-dimensional array 
beginning in the upper left-hand corner. This series con- 
verges absolutely, and hence we can take so many terms in it 
that it is impossible to get a sum out of the terms remaining 
in the double series in absolute value as great as $ In 
other words, one can mark off a square in the upper left- 
hand corner of the array so that it is impossible to get 
a sum of terms outside this square in absolute value as large 


as i Suppose such a square to have P elements on a side, and 


let P >m. Denote the sum of the elements in any rectangle 
in the upper left-hand corner of the array of p rows and g 
columns by ,S,. Let p and g both be greater than P. Then, 


€ 
(9) JA- pyl Ez 
Let A;— (tj +.. + Ain) = rË. Hold p fast and take Q so 
large that when ¢ € p and q » Q, | | « 36 . Then, 
€ 
(19) [pS4— eet 


G2 
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Then, from (8), (9), and (10), 
|4— 4| = le, - À | e 1,S,— 5*1 4 78. <6 

Hence A=A, 

Tn connexion with this theorem it would be well to turn 
back to Theorem 75, 

We shall next state without proof three theorems which 
are more or less easy generalizations of theorems proved for 
simple series. 

Theorem 91, HYPOTHESES: (i) > da, converges 

n=l, m=1 
to À ; (li) &,,,, 7 0 for all values of m andn; (Hi) | bm, n| S Gs 
oo 


when mh, ml. OoNoLUSION: (i) © 0s con- 
n-2im-l 


verges. 
c 
Theorem 92. HYPOTHESES: (i) D> Gp, diverges. 
n-21lmz-1l 
Gi) [bm n| Z [em 4] when m» bm» |. CONCLUSION : 
nls 
o 


D bmn diverges. 


n=l, m=1 


Theorem 93. Let f(x,y) = f(a’, /) Z 0 when ez a^ Za 
and yzy zb. Let S be a region Vn the wy-plane, with 
Y-awis positive downward, bounded by the lines v = a, y = b, 
und a simple ewrve c, so drawn as to cut the line y = b to the 
right of the point (a,b) and the line œ= a below (a,b) and 
neither line elsewhere. Then, a sufficient condition that the 


a 


double series > J (j, k) converge, is that i3 f (v, i) dA 


jeathk-bel MM 
approach a limit as ¢ recedes from the origin in any way so 
that the distance of each point on it from the origin becomes 


eo 


infinite. A sufficient condition that TO f(nd) dévevge, 
jeak-b 


ds that | f fiey) dA become infinite as c recedes. 
8 
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The following two examples illustrate vividly the necossity 
for great care in handling double series. 


(11) 

“EDGED LD + 
CEBG-100« 09 10) 
CE (3-100 Q0 -10 e 
se . $ . j T 


Consider the simple series formed of the rows. Denoting 
by s the sum of the first x terms in the Z-th row, we have 





gf) — 1 C jus 0 

$7 ati inti ' 
The series of values, the A, + A, +... of the previous theorem, 
is 0+0+0+...=0. Now, however, consider the simple 


series consisting of the columns. Each column consists of 
two geometric series. The sum of the Z-th column is 
i iti 

The sum of the series of these values, namely 

—$t(8-8 - (6-3) 
is —1. This differs from the sum previously obtained when 
we summed by rows. The double series must diverge; other- 
wise, by Theorem 90, these two processes would have yielded 
the same result, 


Consider next, 
1—£40-0-.. 


(12) 4043-3404... 
+O040+3-E4... 
+. 


Here each row and each column, considered as a simple series, 
converges absolutely and the series of values in each instance 
converges absolutely and to the same value. The double 
series, however, diverges. 
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Double series have many applications in the study of 
simple series. For example, consider the following proof of 
Theorem 78 relative to the multiplication of two absolutely 
convergent series. Let the series be a; t a + a+.. = A and 
bi +b +b +. = B. Write down the double series 


E ras 3r s 


De ules by bee 
(13) Pant 
heit beta £e - 






4 . 
This double series converges; for let 


> la, |= 4 and 2 |b, |= B 


4-1 n=1 
and consider 
bitlar l+ |D | aa lH lb LL os E e 
| By | [a |+ tballa] + |o ] Las] 
+|bal la | 19 Eo | 1s ]] s E e 
+. , ‘ ` ‘ 
Sum by rows according to Theorem 90. We get the value 


AB which proves convergence not only of (14) hatot (13) also. 
Consequently (13) can be summed by rows, by Theorem 90. 
The value obtained is AB. The simple series formed by 
following successively the diagonals from upper right hand 
to lower left hand, as indicated by arrows, must converge to 
the value AB also, but this is series such as is considered 
in Theorem 78. 


(14) 


$2. Higher-dimensional series. 
Definition 18. If corresponding to each permutation of 
any three positive integers à, j, ke there is a number iji the 
oo 
three-dimensional array > Gist» where i, j, k range 
i2lj2Llk-i 
independently over all positive integral values, is called 
a triple series. The ayps are called the terms of the series. 
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We shall think of these terms as arranged in space so that 
the term a, occupies the position whose Cartesian co- 
ordinates are (i,j, %). We shall speak of a plane meaning 
those elements which in this geometric arrangement lie in 
a plane parallel to one of the coordinate planes, and of 
a column as those elements lying in a line parallel to one 
of the coordinate axes. 

A generalization to series of higher dimensions is easy. 
The whole theory is, for that matter, a generalization of 
double series involving little that is additional. The theorems 
are a result of the definition of convergence which is the 
same for series of two and higher dimensions. 


Definition 19. An n-dimensional series is said to converge 
if every simple series formed of its terms, so as to include 
each of them once and only once as a term, converges to the 
same value. This number is called its sw. 

When an n-dimensional series does not converge it is said 
to diverge. 

The following are three fundamental theorems. For 
simplicity we shall state them for triple series, Proofs are 
omitted, as they follow so closely those given for the corre- 
sponding theorems on double series. 


Theorem 94. A necessary and sufficient condition that 
a triple series converge is, that it converge absolutely ; that 
is, that the corresponding triple series of absolute values 
converge. 


Theorem 95. HYPOTHESIS: Qy, j, y > 0 for all values of i, 


J, k. CONOLUSION: A necessary and sufficient condition for 
a 


o0 eo 
> yy, to converge ts, that > ( > y.) or 
f2lj-2lk-l $21 NM -lLk-l 

o o 


> ( > as) or other similar series formed by permut- 


=1,j=1 \k=1 


ing i, j, l, converge. 
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2 E 181. 
Theorem 96. HYPOTHESIS: È ayp where on 


i-elj-lk-l 
assumption is made relative to the ays, converges to A. 
CONCLUSION : 


4- X( X «e > (San) 
i=1\j=1,k=1 t=1jel\iel 
and similar series where i, j, k are permuted. 
> ( > aj) 
i21 M-lLk-1 
ean be expressed by saying that we sum by planes parallel to 


o0 


the J-K-plane, and > i m by saying that we 183. 


t=1,j=1 `k=1 
sum by columns parallel to the K-axis. 


EXERCISES 


Consider the convergence or divergence of the following 
double series; wherever possible, sum by rows and also by 


eolumns. 184. 


[o 
+0404 5-90 t+ 


1 1 
179. 1 3 tO+0+ 33 3 


1 1 1 1 1 
=o ign ORe 4040-939 + oi te 


1 1 1 
+ . . . 


y= ge ne 


ii i 
TOTO uum tees 


1 1 
180. lI4itgatgt Tee 


4i 
40404040404... 
rok 1 1 1 
7*7i731- (a3) (29) ADB) 294) ^7 
40404040404... 
oe 1 1 1 
ta*utaygao*4909^ aE 7 





1 185. 
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14244484... 
—1-1-2-4-.., 
FE4 G41 42464. 


—il.i..1.—]—. 


874—739 
+ 
04+140+0+0+... 
—14+04140+0+... 
+0—1404170+... 
$0+0-14+0+1+4+... 
+ 


—2414+040+0+... 
4+1-24140404+... 
4O+1—-24+14+04... 
+04+0+1—2+1+... 
+0+04+041-2+... 
+ 


24+0-1404040+... 
+04240—-1404+0+... 
—1404+2+40-1+0+... 
+0—-14042+0—-1+... 
+O040—-14042+0-.., 

+ 
1 1 d 1 


7.2 t egt macto 


T 
2.8 3.4 4.6 





ot 


Tee 


bo 


1 
+04+0404 75 +.. 


+ 


+e 


89 
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186. 1+14+141+... 
T1—1—1—1-—.. 


+1-—140+0+... 
+1—14+0+0+... 








+ 
Y. dod. spodo ul 
185. gg ts ee is 
i 5.3 7 7. 15 , 15 
gi tu gg Te?” 162” 
| 535.152 —7* 9? .15*. 15" 
ta- ptp gtg ie" eT 
957 45" 49. 89" B) 165 16 
"n Tu DO 15? 15! 
ge get a get gt eet Te 
1 1 1 
is 0+ pra t pop t poet 
1 1 1 
tap totam t aig t 
1 1 1 
+ga t pra FOF ete Fe 
1 1 1 
tap ppi pep lte 


+ 


189. Substitute : 
(i) y =btb etb... 


in (B) aka + ayy? + YF oo 
obtaining formally 
& + 0 + 0 staves 
+0,0,+4,b,0 +4,b,07 bot 


taU 204b b m ra, (P2 -20,0,) o? — t... 

4 QUÀ 4-3 a, 0g e 4-3 a (5,02 - 055,) a? t ... 
Diseuss the convergence of this double series for particular 
series (1) and (2) of your own choosing. 
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190. The following definition is sometimes given for the 
eonvergence of a double series. Given 
Gy Ajg + Aig t. 
+ Ao t dag T Gas T se 
+ bg, T Ogg + Ogg F + 
+. ; ] 
Mark off a rectangle of m rows and n columns in the upper 
left-hand corner of this array. Denote the sum of all the 
terms in this rectangle by Sm, n: lf 8,,,,, approaches a limit, 
s, according to Definition 15 the double series is said to 
converge and to have the sum s. It is said to diverge in the 
contrary case. 

This definition is frequently called the Pringsheim definition 
in distinetion from the definition of the text, which is called 
the Jordan definition. 

Are the Pringsheim and Jordan definitions equivalent? 
Tllustrate. 


191. If each term of the double series is positive, are the 
Pringsheim and Jordan definitions equivalent ? 

192. Test series of Exercises 179 to 188 according to the 
Pringsheim definition. 

198, By means of the theory of double series, prove 
Theorem 79. 


CHAPTER IX 
UNIFORM CONVERGENCE 


$1. Definitions and necessary and sufficient conditions. 


Let &, (2) be an infinite sequence defined for a set of values 
of z, which set we call f. Let s, (z) —/ (2), and let 
Th (2) =f (2)—8n (2). 
Definition 20. s,(z) is said to approach f(z) wniformly 
over I if, when any particular ¢ > 0 is given, there emists 
a positive number M, such that when n > M, |1, (2)| < € for 


all values of z in the set T simultaneously. 
Now let u (2), ts (2), ... be functions defined for all values 


of z in J, and let s,(z) =u, (z)+...+U, (2). Let © u, (2) 
zd 


converge for all values of z in Z. Let 


> Uy (2) =f (2) and Ta (2) = f (2)— 8, (2). 


wal 


Definition 21. 


(1) P 

nel 
converges uniformly over I, if s, (2) approaches f (2) uniformly 
over 1. 

Here, as generally, the sequence is fundamental. However, 
we shall immediately throw the discussion over to series and 
make our study a study primarily of series. An interpretation 
in terms of the sequence can readily be given at all times. 

Either of the following two theorems might be made the 
basis of a satisfactory definition, and the given definition 
made a necessary and sufficient condition. 


Theorem 96. A necessary and sufficient condition that 
the series (1) be uniformly convergent over I is, that when 
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any e 90 is given, it is possible to find an M, such that 
whenever n and w are both greater than M, 

| Sy (2) —8y (2) | < € 
for every value of z in I simultaneously. 


PROOF: I. The condition is necessary. 
Choose M so large that when n » M, 


In (1 «5 
for every value of z in J simultaneously. Then since 
ry @) =f(@)—8, (2) |F@)—8,(2)|< 5, and 
IF@—-sy@) |< 5) 


when a, n’ > M, Combining, | 5, (2) —s, (2) | & € 

Il. The condition is sufficient. 

Let e be given and choose M such that when n and n’ are 
both greater than M, 

[85 (2) - / (2) | «ecce 
for every value of z in J simultaneously. Let n’ — co, then 
|, (2)-f(@)| =|", @)|S@<« 

Theorem 97. A necessary and sufficient condition that 
(1) be uniformly convergent over I is, that when amy e 7 0 is 
given, it is possible to find an M, such that when n > M, 

[5,6)— 8. (2| « € 
simultaneously for every z in L 

PROOF: I. The condition is necessary. 

Under I of the previous theorem simply replace 1’ by M. 

IL The condition is sufficient. 

Choose M so that when w > M, |s,(z) —sy (2) | < 3 for all 


values of z in I simultaneously. Then let n and n both be 
greater than M. Then 


[5, (2) — 8 (2) | <5 and. | 8,7 (2) —8y(2) | < $ 


Combining, | 8 (9) — sy (2)| « €. 
Proof follows from the previous theorem. 
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An example of a non-uniformly convergent series is the 

following. Further examples will appear later. Consider 
a? (1 a?) a? (1 —a2)* a (1 Ca 4... 
where « is real. 

It is a geometric series with ratio (1—2*). It converges 
when [z| « //2. Denote its sum by f(x). Then f(0) = 0, 
and when «#0, f(z) = 1—2%, It is to be noticed that f(a) 
is discontinuous at æ = 0, despite the fact that each term of 
the series is continuous. 

To show that the series is not uniformly convergent we 
adopt the method of indirect proof. Assume the series uni- 
formly convergent over the interval defined by the inequalities 
(2) —-itsaZl. 

Denote, as usual, the remainder after n terms by r, (æ), and 
let an ¢ > 0 but <4 be given. Then choose M, so that 


when n > M, |r, (7) | < © for all values of œ in (2) simultane- 
ously. But, when œ Æ 0, 


Ir (e) | 2 |1—a?)|""— =a), 


—- 
and when oes cai (1—aj*! » à 


forany n, that is |v, (z)| » &. But |v, (z) | « & when » 7 M. 
As a result of this contradiction the series is seen not to be 
uniformly convergent over (2). 


9 2. Simpler theorems. 


eo 
Theorem 98. HYPOTHESES: (i) >, u,,(2) converges at the 
n=l 


points of a set 1; (ii) The points of I are finite in number. 


CONCLUSION: S, u,, (2) converges wniformly over I. 
n=l 
PROOF : Denote the points of J by 2,,2,,..., 2,. Let e>0 
be given and let M;, i = 1, 2, ..., m, be so chosen that when 
n >M, |r C| <e Let M zM; i=l, n m Then, 
when n > M, |r, (z)| < € simultancously for all values of 2 
in I and proof is complete. 
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Theorem 99. HYPOTHESIS: > w, (c) converges wniformly 
nal 
over each of sets I, Tp, ses Ime CONCLUSION: It converges 
uniformly over the set I composed of l,, L, ..., L, taken 
together. 
Proof is similar to that of the previous theorem and is 


omitted. 


c 
Theorem 100. HYPOTHESIS: 79 ufP(z) $— 1, 2, .., k 
n=l 


converge uniformly over a set I. CONCLUSION: 


(3) D (uP (2) + Uf? (e) t + ai? (2) 
nal 
converges uniformly over I. 


PROOF: Let ¢ > 0 be given and let 


2 (2) = S uP. 


n=l 


Choose M so large that | st! (z)—sl? (2) | < i for all zs of I 


and for (— 1, 2, ..., k simultaneously when n, n” > M. To 
do this choose M separately for each series and then take the 
largest. Let s, be the sum of the first n terms of (38). 
Then, when n, ”’ > M, 


k 
[s () 78, (91 S Zz lai?) 82 (9| « e 
establishing the theorem. 5 
The following theorems, numbers 101 to 110, can easily be 
established. Due to their simplicity proofs are omitted. 
Some of these theorems are stated for the series and some 
for the sequence. 


Theorem 101. Using the notation of the last theorem. 
HYPOTHESES: (i) > (wi (z)+...+a(2)) converges uni- 


n=1 
formly over 1; (i) uf (z) Z 0,4=1,..,4, n= 1, 2,..., and 
> 


zofl. CONCLUSION: >> u$ (e) converges uniformly over T. 
nal 
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In both this theorem and the next b may become infinite 
when n becomes infinite. 


Theorem 102. Retaining the same notation. HYPOTHESES : 


< ao 
(i) > uf) (@) converges non-uniformly over I, where j 18 any 
n=l . 
one of the numbers 1, 2, 5 k; (ii) oP @) 20,7 =1, 2,005 k, 
n= 1,2,...,and 2 of 1. CONCLUSION: 


S apot e+... tu @) 
n=1 


converges non-uniformly over I. 


Theorem 108. HYPOTHESES: (i) for ald values of zinthe set 


I, |f(2)| < M where M is constant; (ii) È u, (2) converges 


n=l 
oo 


uniformly over I, CONCLUSION: > f(2 w, (2) converges wna- 
n-l 


formly over I. 


Theorem 104. HYPOTHESES: (i) |fi(2)|« M, i= 1, 2, ^ 


z of 1, and. M a constamt ; (i1) TE u, (2) converges uniformly 


n=l) 
over 1; (ii) uw, (v) Z 0, % = 1, 2, ..., for all values of z of I. 


e 
CONCLUSION: > Fn (2) Un (2) converges uniformly over I. 


nal 
oo 


Theorem 105. HYPOTHESIS: > 4, (2) converges wni- 


wal 
formly over I. CONCLUSION: When any e 0 is given vt is 
‘ | 5 * 
possible to find an M such that |u, (z)| « € for all zs of I 
simultaneously whenever ù > M. 

e 


Theorem 106, HYPOTHESIS: X, |u, (2)| converges uni- 
n=1 


c 

formly over I. CONCLUSION: TS wu, (e) converges uniformly 
nai 

over I. 





SIMPLER THEOREMS 97 
oo 


Theorem 107. HYPOTHESES: (i) > U, (2) converges wni- 
n=l 
formly over I; (ii) there exists a second set J and a series of 


functions > U, (2) such that if z is any point of J, 
n=1 
U, (e) — u, (Z), where z is of I. concuosion: > U, (2’) 


n=1 
converges wniformly over J. 


Theorem 108. HYPOTHESES: (i) u, (2) = v, (2) +2, (2), 


where v,(z) and w,(2) ave real; (ii) > uw, (2) converges 


n=l 


oo oo 
uniformly over I.  coNOLUsION: >, v,(z) and > ww, (2) 
L2! n=1 


both converge uniformly over I. 


Theorem 109. mnvroTHESIS: s? (z)—-f,(z), à — 1, 2, ..., f 
uniformly over T. CONCLUSION: 
Sh (2) Bi (e) «+ 8 (2) f. (fo (9) -.- fi (9) 


uniformly over I. 


Theorem 110. HYPOTHESIS: s, (z) # 0 approaches f (z) # 0 


uniformly over I, CONCLUSION: uniformly 


By as te 
8, (2) — F (2) 
over I. 


$ 8. Continuity, &c. 


Theorems 101 to 110 have been stated without proof. A 
good many other equally simple theorems relative to uniform 
convergence could be stated. Those given, however, are 
ample to illustrate the type. A slightly different kind of 
theorem, which requires more space and more extended 
thought, but which essentially depends upon hypotheses other 
than that of uniform convergence can be obtained by re- 
writing with proper modifications such theorems as 67 for 
uniformly convergent series. We proceed to less obvious 


and in this respect more important theorems. 
3627 H 
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Theorem 111. HYPOTHESES: (1) 44 (2), w,(z),..., are con- 


tinuous functions over a region of the complex plane which 
o 


we denote by I; (ii) > u, (2) converges uniformly over I to 
n=l 
f(E). CONCLUSION: f(z) is continuous at each point of I. 
PROOF: Let z, be any particular point of J. Let ¢ > 0 be 
given and choose m so that 


(1) ft) - s. G1 4 

simultaneously for every z of I. In particular, 
€ 

(2) | Sn (20) —F (20) |< 3' 


Now s,, (2) is continuous * since it is the sum of a fixed num- 
ber of continuous functions. We choose 6, so that when 
|z—2,| « ð, 


(3) 8, (2) 58 (9) | 5 

But 

(4) MO =f (&) | S |A) — Sm (2) | + | 8m (2) — 5 (2) | 

S * [5 (4) —f (&) | < € 
thus establishing the continuity of f(z). 

It is to be noted that the region 7 may be one-dimensional, 
in particular, an interval on the axis of reals. 

Uniform convergence is a sufficient condition for the con- 
tinuity of the sum function but it is not a necessary condition. 
There follows an example of a series of continuous functions, 
which for any real value of the variable converges to zero 
and yet which does not converge uniformly over any interval 
whatever on the axis of reals. 

As usual, to emphasize reality replace z by «, and let 

$, (v) — 32667 sint re gin? mg, 
For any value of n, $, (z) has the period 1 and it is readily 
shown that within each period there are two maxima each of 
magnitude 1. Let 


* The notion of continuity is assumed. See any book on the theory of 
functions, . 
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8, (a) = Pa (æ)+ Ahn (212) 4... -- zd 019) 


For every value of æ this sequence approaches zero as n 
becomes infinite. We proceed to show this. Let an « > 0 
be given. Take a particular æ. Then, as we have just 
remarked, $, (2) X 1 for all values of 4. Hence, 


1 1 
(8) Gps Ot eet m$» (12) € ESI Tus 


I Ep 1 1 
TA aln m (b+ 1) (+2) us (E 3 1) (5 4-2) ... z] 

1 1 1 1 1 
5 lari EFP t GF ya] € es x3 
if kis sufficiently great. Hold Æ fast. Now, from its defini- 
tion for any value of æ, $, (x) — 0. Consequently, $, (ca) — 0, 
where c is any constant. Hence we can choose an m such 

that when n > m, 


(6) (Pa (@) + Fite 12) tla) <$- 
From (5) and (6) 





Sn (æ) AED 
In other words, for any particular v, that is for every a, 


8, (2) — 0. 
1 a 
However, mi?» (m\a)—> 0 non-uniformly over any in- 
i e š 
terval of length mi Sinee it always has within such an 


interval two maxima of magnitude 5 . In order for sp (æ), 


which is a sum of positive functions, to approach a limit 
uniformly, according to Theorem 101, each of the functions 
added to form it must approach its limit uniformly. Re- 
membering this, select an interval of arbitrary length à » 0. 


i 1 1 
When «n 1s so great that mi* ô, mi p (m!æ) does not con- 
verge uniformly in this interval. Consequently s, («), which 
‘ 1 
contains mite (m!a) when n >m, does not converge uni- 


H2 
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formly in the interval either, and this is what we wanted 
to show. 
The transformation from the sequence to a series is im- 


mediate : Vw, (2) — Sp (2) - 84-1 (9)- 


w 

Theorem 112. HYroTHrsSEs: (i) S, u, (2) = f (2) converges 
n=1 

over a closed region I; (ii) w, (2) Z 0 over I; (ii) Uy, (2) and 


J(e) are continuous over I, CONCLUSION: ®D u,, (2) converges 


nal 


uniformly over I. 


PROOF: Choose a particular point, 2, of J and let any 
e > 0 begiven. Give to s, (2) and , (z) their usual meanings. 
(7) Pa (8) = Pn (20) +8, (20) ~ 8p (2) +f E) E Co). 


Choose M so that r, (2) < $e. Now choose a 6 >0 so 


that when |z—z,| < ô; 

Jey (e) -su (2) | < $e and |f()—f(a)| <4 
This is possible as s,,(z) and f(z) are continuous. From (7), 
Ty) <e Butr, (2) does not increase as n increases; hence 


r, (2) < € when n> M and |z—2,| « à 

There then exists about z, which is any point of J a circle, 
¢, such that 7, (z) < e over that portion of I in c provided 
d. certain M. There is & lower limit?* other than zero 
for the radii of these circles. Suppose this were not the case. 
Cover the region I by a square with sides parallel to the 
axes. Divide ihis into four equal squares by drawing lines 
bisecting its sides. Consider one of these smaller squares, 
including its boundary, which contains a portion of J where 
the radii have the lower limit zero. Divide it in like manner 
into four squares and proceed continually. We set up 
sections in both the real and pure imaginary numbers. We 
hence have a sequence of squares approaching a fixed point 
(number) as a limit. Take this point as the z discussed 
above and we have a contradiction; because, about it there 


* See chap. XII, § 2. 
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is a circle with radius greater than zero, over which v, (2) « e 
when n > M. | g 

We complete the proof by covering I with squares, each of 
fixed side less than the lower limit for these radii. Choose 
M for each of these squares so that for all points of J in 
it ry(z) « e Call the largest of these, which are finite 


in number, M. When » > M, 17, (2) < « for all points of Z. 


oo 
Theorem 118. HYPOTHESES: (i) 7 v, (z) converges uni- 
a=] 
Jormly over I; (ii) v, (2) 2 0; (iii) |u, (2) | S v, (z), whenever 
oo 


belongs to I. cowoLustow: > w, (2) converges uniformly 
nal 
over I. 


PROOF: Let e > 0 be given and choose M so that whenever 
^" 


n > M and n’ > M simultaneously, X, v,(z) « e. Then 


ven! 


s Slue@ls Sxm<e 


end 
v= van 


n 


Z uw) 


von 








for all 2’s of I simultaneously, which establishes the theorem. 


_ Corollary 1. The most important case under this theorem 
$8 where v, (z) — M,,, à constant, n = 1, 2, .... 


If 7 |w, (e) | converges uniformly over 7, we say that 
n=l 


> u,, (2) converges absolutely uniformly over J. With this 
nel 


definition we have as a corollary to the theorem the following : 


Corollary 2. If a series converges absolutely uniformly 
over I it converges uniformly over I. 


Theorem 114. HYPOTHESES: (i) 


Z wG) 


DES 
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converges uniformly over T; (ii) Np n= 1, 2, ..., are positive 
integers; (iii) Ap —> %. CONCLUSION : 
oo 


> us (z 


n=l 
converges uniformly over I. 


oo 


PROOF: Let Pn (2) = * [w,(z)| and p, (2) = > |w,, @ |- 


vem v= m 
Let n be given and choose m as small as possible, so that Ty, 
will contain all terms in f,. With m so chosen, p, (2) S v, (2). 
When a — oo, à. — oo, but 7,, (z) — 0 uniformly over Z, and 


henee p,(z) does also; that is, > |, (2)| converges uni- 
n=l 


formly over I. Consequently * wy LA ) eonverges uniformly 
nal 


over I. See the previous theorem. 


Theorem 115. HYPOTHESIS: All the series 


eo 
(8) = %4,@) 
nol 
converge uniformly over T, where M, M, -u denote any 
arrangement whatever of the integers 1, 2,.... CONCLUSION: 
(9) > | Un (2) | 
nol 


converges uniformly over I. 


PROOF: (9) converges, Suppose that at z, some point of J, 
(9) diverged. Then, by a proper arrangement of the integers 


1, 2, ..., the series * wy, (2) could be made to diverge. 
n=l 

(See Theorem 69, Cor, 2.) This is contrary to the hypothesis. 

Now to show that (9) converges uniformly over J, again 


assume the contrary and also assume w, (z) real. Let, as 
n 


n 
usual, s, = > u,(2) and o, = © |u, (2)| There exists 


pol vel 
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an e» 0 such that it is impossible to find an M such that 
for all values of n, n’ > M, |e —6,,| « e simultaneously for 
every z in I. Let e be such a number. There then are an 
infinite succession of number pairs, n; and nj, such that n, 
and ni are both less than either n;,, or nj,,, and always 
| Tn Tn] 7 « for some value of z of I. Denote a particular 
point where |¢,,—g,;| > € by z;,and when w, (z;) 2 0 denote 
it by U,,(z;) and when w,(z) «0 by —V,(z). Now, by 
a choice of the A,.’s rearrange the terms inside each of the 
parentheses (s, (2;)— Sw (2;)), so that all the U,(z)'s come 
first and all the V, (z;s last. The J, (z,)’s plus ‘the V, (es 
is greater than e. Hence, at least the sum of the U. (e js 


totals : or the sum of the V,(zj's. Suppose, for example, 


that the sum of the U (zj)'s does and denote it by 
(10) UP (2) + UP (2%) +... + Ui (2). 


The series > Uy, (z), where the arrangement is such as to 
w= 

contain each group of terms as (10), does not converge uni- 

formly over J; for it is impossible to find an M but such 


that, with this arrangement, for some value of A, > AM, 
= UD+..+ 0) > € 
2 


Uy + yes T kk 


at some point. 
Now suppose the terms of the series complex numbers 
Wp (2) = Wy (2) + t0, (2), 
where w,(z) and v,(2) are real numbers. In order for 


wi e 


a series > ^ (z) to converge uniformly, > w, (z) and 
n n 
n=l n=1 


> v, (z) must both do so, Consequently, under our theorem, 
n=1 


> | w, (2)| and > | (2) |, and hence 


n=l VE 


= (o, () | E | (2) ) 


mal 
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converge uniformly. Hence, since 
[un (| S 1o, 2) | Fs €) | 


> |u,,(2| converges uniformly over J by Theorem 113. 


n=l 


Theorem 116. HYPOTHESIS: 


(1 1) > Un (2) 


n=1 
converges non-uniformly over a, closed region, I, of the complex 
plane. CONCLUSION: There exists at least ome point, e, of I 
having Lhe properiy that in every neighbowrhood of z, portions 
of I exist over which (11) converges non-wniformly. 


PROOF: Consider a square, 8,, completely covering I with 
sides parallel to the axes. Divide 5, into four equal squares, 

^, Sr, S^, Sj", by lines through the centre parallel to the 
axes, cach a closed region. Then (11) converges non-uni- 
formly over that portion of J in at least one of these squares. 
Call this square S,. Divide S,, as previously, into four 
equal squares, 83, SY, Sy’, '8%”. Continue indefinitely. 
(11) converges non-uniformly over a portion of Sp. But S, 
approaches a limiting point * which answers the requirements 
of z, of the theorem. 

The language just used is pictorial. The facts, however, 
are, as usual, analytic. By the method of squares we set up 
a section in both the real and pure imaginary numbers, thus 
determining a complex number. 

The theorem clearly might be stated and proved for one 
dimension where J is an interval on a curve, particularly the 
axis of reals, 


Theorem 117, HYPOTHESES: (i) W, (z) is real and defined 


at all points of I; (ii) M>up(2) = Una @) > 93 (iii) X v,(z) 


n=1 


oo 
converges uniformly over I. CONCLUSION: ©, up (2) v, (2) 
n=l 
converges uniformly over I. 


* See chap. XII, § 2; also see proof of Theorem 135. 


-~ 
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PROOF: Apply Theorem 28, 
n+p 
2 wv, G) 
ven 


where G, (z) is the greatest of the sums 
Zw 
v=n 


at the point z. But G,(z)—>0 uniformly. The theorem 
follows. 


Su, (2) G,, (2) « MG, €), 











> OSMAN, 





Theorem 118, HYPOTHESES: (i) w, (2) and v, (2) are defined 
al all points of I; (ii) w,(2) < M, independent of z and n; 
(ill) Uy (2) 2 44 (2); (iv) w, (z) — 0 uniformly over T; 

ntp 


() | EG 


PED 


< G, 





independent of z and n and p > 0. CONCLUSION: 


o 


> Un (2) Un (e) 


n=l 


converges uniformly over I, 


PROOF: Proceed as in the previous theorem. Details are 
omitted. 


Theorem 119. HYPOTHESES: (i) &, (2) and b, (z) , m — 1,2, ..., 
are defined over a set, I; 


ij Saut X e ehh 


n=l n=l 
converge uniformly over T; (iii) |b, (z) | € c, independent of z. 
e 


CONCLUSION: > a, (2) b, (2) converges uniformly over I. 
n=l 


PROOF: As a result of hypothesis (ii), ©, (b, (8) — bpn (2)) 
wal 
converges uniformly over J. Hence there exists an N, such 
that when n>N, 
n=l 
(b, — bati) «1; 
N 


us 
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that is | b, — 5, | « 1; and consequently, 

[b,|<1+lby|Sl+ey. 
Let c equal the maximum of c, .. 
of n, |b,] € 1e 2 C. 


oy Then, for any value 


Choose a,(z), so that > a, (z)=0. In this there is no 
n=1 


loss of generality. Simply replace a, (z) by 
d (2) = ay (2)— > Mn (2), 


n n-l 
and let s, = > CAR 
vel 
ntp np 


a a, b, = > (8,—5,..) b, 
|: 2241 »-n4l 
nrp-—l 
= > 8, (b, — b, 1) — 8p, Ons Sepe 
v=n+l 


Now, let à.» 0 be given and choose M > N, so that, when 
T2 M,|s, (z)| « 8 uniformly. Moreover, by Theorem 96, 
atp-1 
2 5, (2) - 5i (à) <1 
va atl 
if p>1 and x is greater than a sufficiently great M. We 
suppose M chosen great enough. Then 








n+p 
> a, (2b, (2)| < 6+00+8CK<e 
vontl 
* € 
if ê< zg 


This completes the proof, 


Theorem 120. HYPOTHESES: (i) Xs (2) converges uni- 


formly over I; (i) 3 | b, (2) — 5,44 (9) | € G for all values of 
n=1 
z of I; (iti) [6,(2)| Sb whenz is of I. CONCLUSION : 
Z ty (2) by (2) 


n=l 
converges uniformly over I. 


pe 


| 
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PROOF: Let g — b--G, 
n=l n=l 
[5 —-5,| — 2 6-5, s > | -5,,|s G. 








vol val 


Hence |b,|S gy. Next assume 7E a, (z) = 0 in which again 
n=1 


there is no loss of generality. Then 
> a,b, = È ($,— 8-3) b, 
vou vo S 


TE. (b (b, —b, 41) )-8,- 10, + 80g 41° 
Choose M so that sinks n > M, |s, (z) | « 0 uniformly over 
I; and let n > M. Then 


v 
> ab 
v=% 


o 


< = is,]|5, 75,44 | 8g 0g 








<6 > |b,-b4,|+289 S 644289. 


vel 
. . : € € 
Now if any e > 0 is given, we choose ó « 8g and also « 3G 
v 
Then Sabe; 
pou 








establishing the theorem. 


na 


Theorem 121. HYPOTHESES: (i) = Gy (2%) converges uni- 


formly over aw set of points, I, to $ is (ii) $4 (2) — 9, when 

z behaves in æ prescribed manner on 7 for convenience of 

notation we say when z— z, æ limiting point * of I. CoN- 

OLUSIONS: (i) X $,=8 converges; (ii) > $,(2) — 9 
n=1 n=1 

when 2—> %. 


PROOF: Let z Pn (2) = 8 (2) and $ $, — S,, also let 


nal 


* See chap, XII, § 2. 
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an e» 0 be given. Choose M so large that, when n Z M 
and « z M, 

(12) [84 6) —5,,(] « 8€ 

for all z's of I simultaneously. Then, since for any value of 
n when 2 —2,, 8, (2) — S, 

(18) ($,-S,| S $e 

We immediately draw conclusion (i). (Sec "Theorem 16.) 
'The proof of (ii) is similar to the continuity proof in Theorem 


111. Choose ó'so that |s, (2) — S, <É when |2—2,| « ô. 


€ 
From (12) and (13), |& (2 —5,,()| S 5. sad 19 Sy| S 


Combining these three inequalities, [9$ (2) — 9| « e, establish- 
ing conclusion (ii). 

In case z does not approach zp, but becomes infinite on 
I or behaves in other preseribed manner, a slight modification 
of the wording of the above proof is necessary. In case z 
does approach %, a limiting point of I but not belonging to 
I, the series converges uniformly over the set of points com- 
posed of the points of J and 2). This follows from the 
inequalities above written, 


|, (2) —Sy(2)| < ge and |S,—Sy|< 46 
Conclusion (ii) could then be made to follow from Theorem 111. 


Theorem 122. HYPOTHESES: (i) >, u,,(@) converges wni- 
formly to f(x) over an interval of The x-axis defined by the 
inequalities a X « € b; (1) lu, (m) do * exists. CONCLU- 
SIONS: E 


. . b a ii: 
of Jf (à) do exists and (ii) Í I (a) da = > Í wp (æ) dæ. 
a a nal 
PROoor: (1) Let an e» O be given. Divide the interval 
(a, b) into » portions 4a,, Aa, ... Aa,. Let O, be the 


* Riemann integrals. 
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oscillation * of f (æ) in 4a,. Let f(a) = 8, (2) t 7, (2), where 


n 
8, (@) = 2 wu, (2), 
vol 

and let ,O; and ,»; be the oscillations of s,, («) and 1, (&); 
respectively, in 4a,. : 

Thon O, S „Op + n@g and consequently 

XO,Au, S X Oy Am t X oy Ay, 

where the summation is extended to all the subdivisions 
of (a, b). 

Now choose an 7 > 0 and take n so large that |v, (&)| « 9 
uniformly over (a,b). Then ,o, <2y. Then 

X voy ds < 20 3 Am, = 27 (b— a). 
s, is integrable, being the sum of a finite number of integrable 
functions. Consequently, if each 4a, is sufficiently small, 
5 ,0;,4a, «m. 
Then 30,4a, < 7 (2 (b-@) +1) <«, 
when «eee 
7*3(—a)1 

f(a) is consequently integrable, and hence since &,(x) is 
integrable +, (x) is integrable also. 


(2) ie I (a) de = i: 8, (a) dla: +f vy (x) dæ 
cM 


= 1° 4 


b 
u, (2) de +f v, (2) da. 


Choose y » 0 and M so that, when n> WM, |r, (%)| <4 
simultaneously for all z's of (a, 6). Then 


* | Uy (a) de 


n=1ve 


" Fé) da — PETNPY 








which is arbitrarily small. This completes the proof by the 
definition of convergence. 


* See, for example, Pierpont, The Theory of Functions of Real Variables, vol. i, 
p. 341. 
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Theorem 123. HYPOTHESES: (i) > U, (2) converges uni- 
n=l 
formly to f(z) over a, curve, e, of the complex plane, of length 
less than A; (li) u,(2) is integrable over c. CONCLUSION: 
J(e) is integrable over e amd 


14 ()de - S f u, (2) de. 
wal 
PROOF: Let g=a+y%, where c and y are real, and let 
t, (2) = 10, (e 9) 9 (s 9); 
where w, and v, are real. Similarly let 
J(e) = w (x, y) +w (w, y). 
Then I uw, (2) dz = | w,de—v, dy + if v, dæ + w, dy 
€ e € 
and, if all funetions are integrable, 
[fe dz =f wde—vdy +i] vdæ+ wdy. 
e e e 


The establishment of this theorem from now on involves 
much repetition from the proof of the previous theorem, It 
is omitted. 

A well-known example to illustrate the value of the last 
two theorems is the following: 

Uy, (a) = 8, (4) —8,-, (@), uw > 1, 
U, (%) = 8, (a), 
where &, (c) — nae "^, 


It is readily shown that s, (x) —0 for every real value of 2; 
that is for real values of x, f(a) =0. Hence 


[ 709) dæ = 0, 
But [ a, (0) de — 3 [16] — 4. 


The fact that these two results are different is interesting. 
Clearly s, (x) cannot approach f(a) uniformly over the inter- 
val 0 < æ X 1, else they would be the same. 


mE 
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Theorem 124. HYPOTHESES: (i) w, (2), n = 1, 2, ..., are 
single-valued continuous functions of z at all points of 
a region K, any two points of which can be connected by 
a continuous curve lying wholly within S8 amd. of length. less 
than A; (ii) there exists a point, 2,, of S such that 

= Un (29) 
n=l 


converges ; (iii) up (2), n = 1, 2, ..., where the accent denotes 
the derivative, ewists al every point of S; (v) S w, (z) con- 
nol 


verges wniformly over S. CONOLUSIONS: (i) > w,(z) con- 


n=l 


verges over S to a function f(z), and (ii) f’ (2) = $ up (2). 


4-1 


PROOF: Let ¢ (2) = > un (2) Let ¢ be a curve from z, to 


nel 
z of length less than A and integrate along e. By Theorem 
123, 


Fee 2) dz = >T un (z) dz — 2 [4 (2) —, (2;)]. 


a wel 


Denoting 5 Wn (Zo) by f(z), we have 


n=l 


(14) I Pade a> wie 


n=) 
eo 


thatis > w,,(z) converges. Denote its sum by f(z). Then 


4-1 


differentiating (14) and replacing Xd 


n=1 


2) by f(z) we have 


eo 


fe-$969-Z2XwuG; 


n-l 


completing the proof. 
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$ 4. Uniform convergence of series in several variables. 


Definition 22. Let 7€, w, (a, ..., 2;) converge to f (,, ... 21) 
n=1 
over a, set of points, (z,, -s Zi), which we denote by I. Let 
e 
T. > Uy (Sys e Zp) 
v=ntl 
Tf, given any € > 0, tt is possible to choose an M, so that 
|r |< € when n > M, for all poinis of I simultaneously, then 
D u, Cp eo Za) 
nol 
is saad to converge wniformly over I. 
The theorems of this chapter usually can be generalized to 
I; variables. 


$ 5. Relative uniform convergenoe. 
Definition 28. Suppose that Wp (g), n — 1, 2, ..., 8 defined 
at each point of a set I, and that a function o (z) is also 


defined at each point of I. > u,,(2) is said to converge over 
LE ] 

I uniformly relative io c (z), if, given amy € 7 0, there eaists 

an M such that when n > M, 


eo 


> 4, @) 


van 


S «|o()| 








at each point of I simultaneously. 


Clearly uniform convergence is a special case of relative 
uniform convergence, c (z) = I. 

Generalization of Theorems 96 and 97 is immediate. 

The following statements are readily proved. Although 
distinct theorems, they are put under one theorem number 
and are written in abbreviated form. 


Theorem 125. Jf 


(1) > Un (2) 
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converges uniformly over I relative to o (2), it converges wni- 
Jormly over I relative to r (z) if |r (z)| z |o (2)]. 

Uniform convergence relative to o(z) and uniform con- 
vergence relative to ac (2), a # 0 a constant, are equivalent. 

Lf (1) converges uniformly over I relative to 0, it converges 
uniformly over I relative to every function. 

If |o (2) | « M, independent of z, and if (1) converges uni- 
formly over I relative to o (z), then it converges uniformly 
over I, 


Uniform convergence of >, wr, (2) relative to po implies 


n=l 
eo 


uniform convergence of >, w,,(2) relative to a. 
n=) 

Theorem 126. HYPOTHESIS: There exists no number M 
such thai |c (2) | « M for all zs of I. CONCLUSION: There 
exist series converging over T uniformly relative to € (z) but 
not uniformity. 


PROOF: We eite the example 


D> % (2) = 8, (2) — a.c (2) 


n=l 
where &, S @p+ and a, — 1. : 

Many of tho simpler theorems on uniform convergence can 
be generalized to relative uniform convergence without 
difficulty. For example, we cite numbers 100, 101, and 102. 
The following theorems are given, in part at least, inde- 
pendent proof. 

Theorem 127. HYPOTHESES: (i) > u, (a) =¢(«) con- 


n=1 
verges over the interval a S æ S b, uniformly relative to o (2) ; 


b ^b 
(ii) [ U, (a) da exists for all values of n; cii) | |o (x)| dæ 
a a 
exists. CONCLUSION: 9 (x) is integrable from a to b and 
b 2 nb 
[ $e ds X [| uo du. 
a a 
I 


wool 
9621 
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pRroor: The existence proof follows so closely that under 
Theorem 122 that it is omitted. The last conclusion is also 
readily proved thus: 
b 
| Q (a) da = 
a 


n=l 


> J- Aw, (20) dae + ia 5 a, (a) dæ. 


n=1 s wlan 
b b 
> u, (ede) s «fo @) Ide 
“G@anan 9 
which last can be made as small as desired by taking € small 
enough. It in turn can be made as small as desired by 
taking n greater than the corresponding M. 





w 


But 








Theorem 128. HYPOTHESIS: limc,a” = 0, a9. CON- 


N — O 


a 


3 1 
CLUSION : > Cp converges uniformly relative to — S 
4-0 Ae 
a 


over the interval OS w « a. 


PROOF: Suppose 6,4” < € when n > M, and let n be 


greater than M, then 
a w o n+l 
ea" (7) peu uana) Tas | 


(e Q^ entes) er gt 


o 
CA here 
a 


I n n+l = 
16g B+ Cy Ott ee | = 





1A 
"m 





Se 





EXERCISES 


The first corollary to Theorem 113 is frequently referred 
to as the M-test. 


194-199, Examine the following series for uniform con- 
vergence. Consider all intervals on the axis of reals. 


a(a—1) 


2 $ 
14+%a+ 31 Q^ T... 
€* sin z- e?* sin 2 x -- e? sin 3 g 4 ... ; 
1-243 u..5 
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a 2 a a at a? git a 
vL —-——L— ~ ; — : 
3 2 5*7 p^ gm gem 
1 1 1 


Uto t (Fo t Bpa 878785 


oo gt vw 
2 (e m! pe 0I). 
eds (n 4-1) 





300. Prove the following theorem : HYPOTHESES: (i) w, (x) 
tant] Sr<1 forall 
n (Œ) |7 


remains finite for all œ of T; (ii) 





o 
2» 2 K and for alla of I. conctuston: > wp (£) converges 


a n=l 
uniformly over J. 


201, Generalize other of the tests for convergence of series 
with positive terms to uniform convergence. 


202. Generalize Theorem 66 to uniform convergence. 


203. Discuss uniform convergence of 
i 1 1 
b PL 
for real values of œ. Denoting the function represented by 
€ (2), draw graph of y = ¢ (æ). 


204. Prove the following theorem. HYPOTHESES: (i) 7 
and m are positive integers; (ii) s„(m)—>f(m) uniformly 
for all m when n—œ; (iii) s„,(m)—> sS, when m— oo. 
CONCLUSIONS: (i) m f(m) exists. Call it A; (ii) lim S, 


exists. Call it B; (ii) A = B. eae 


" 
205. Prove: lim (1+ z) = Lbs. T dee. 


n> 
206. Given 
cos mæ = cos" æ — ae cogn-2 c sin*z- ... 
4 (— 1)? sina, 
. a P 
prove: fond d — pm 


I2 
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207. Prove the following theorem: HYPOTHESES: (i) s, (v) 
and f (a) are both continuous over a X æ € b; (ii) s, (2) — (2) 
for all rational values of æ on a < æ S b; 


(ii) | 85 (a^) — $a (æ) | < M, 
where M is fixed. CONCLUSION: s,(z)—f(x) uniformly 
over o € 2 X b. 


208. Prove the following theorem : HYPOTHESES: (i) a», (2) is 


œ 


uniformly continuous * when œ < c « b; (ii) © u, (æ) con- 
n=1 


verges uniformly when a « œ < b. CONCLUSION : The function 


f(x) represented by the series approaches a limit as & 
approaches & or b. 


209. Is the following theorem true or false? HYPOTHESES : 


(i) > «, (e) converges uniformly, a < æ € b; (i) T5 ow, (0) 


n=l n=l 


n 
converges. CONCLUSION: > ^,(X) converges uniformly, 
mal 
asasb. 
o 
210. If > w,(#) converges uniformly over any closed 
4-1 
sub-interval whatsoever, x € & € B, of a « » « b, and if 


a 
u, (x) is continuous over æ S « X b, does $ u, (æ) necessarily 
n=1 
converge when œ =œ? If it does, is the function represented 
by the series necessarily continuous at a? 


Hint: See chapters on power series and Fourier series. 


211. Let & u,, (2) = 8, (z) and let the zeros of s, (z) for 
nal 

all values of n be marked in the complex plane. If these 

zeros have z = « as a limiting point,} prove that the series 


* Seo, for example, Pierpont, Ihe Theory of Functions of Real Variables, vol. i, 
p. 215. 
| See chap. XII, $2. 
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oo 


> Uy (2) has a as a zero, provided that it converges uni- 


n=l 


formly over a region having o as an interior point. 


212. The series, where &, — mae "^, converges non-uni- 
formly over any interval on the axis of reals including the 
origin. Draw graphs of y = nae~™ for « — 1, 4, 9, 16, 25. 
Discuss the behaviour of the graph when &—» oo. Integrate 
Sn (£) from 0 to 1 and take the limit of this result when 
7—5co. Discuss the continuity of lim s,(w) Integrate 

RAO 


this limit function from 0 to 1, 


213-219. Treat as in the above exercise the series, where 
Tuc a 


8, = — 8, = a” = 

ne Lt nia? > Sa = Tyga 
sa vx dac nen g= ® gegi 
n Fna? nT gpw’ T pwa’ 8, = nee P 


220. Discuss uniform convergence of 


o0 . 9 
Sa o ($ æ. 
n qma x 
n=1 "is 
(i) when o, — 0; (ii) when a, = 1. 

221. Discuss uniform convergence of a power series, 

& d- &42 - G2? -- 0.2? 4 .... 
322. Prove the following theorem: HYPOTHESES: 
Q Zw) 
La! 
converges at all points of the interval a S æ S b; 
G) | È ul) 

n=1 


at all points of œ S æ < b. CONCLUSION: 


eo 


«M 








oo 


2 w, (2) 


n=1 
converges uniformly over a € æ < b. 











Po 
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223-227. Differentiate the following series term by term 
and discuss: 
> [255 Y CHAPTER X 
n+l n+2 
A CONTINUITY AND INTEGRABILITY. QUASI-, SUB-, 
* = zn amano n] |] AND INFRA-UNIFORM CONVERGENCE 
ecl Vat 
is $1. Quasi-uniform convergence. 
l1-nc l-(n-rl)m- ; s ; $ 
> LE = oOo One of the most important properties of uniformly con- 
nett (m+ 1) el th# ot i ; 
n= vergent series is that the sum of a uniformly convergent 
= 1 3 1 E series of continuous functions is itself a continuous function 
= ET (1 ta?) — 2 a +1) og (1+ (m+ 1)? a )|> (Theorem 111). A type of convergence somewhat more 
mt » general than uniform convergence but which has this important . 
5 E 240  2(ncl)w, 2(m* |: property is the following. 
si en g” al TEDEA d 1)28 Su 

Definition 24. The series >, U_(x), which converges at 

nol 


every point of a given set, I, to f (2), is said to converge quasi- 
uniformly over I, if corresponding to any e > 0, there exist 
an infinite number of values of n such that 


> 4, (2) 


v=n+l 


simultaneously for all points of I. 


MORE «e 








Theorem 129. HYPOTHESIS: 


eo 


(1) Zw) 

n=1 
converges quasi-uniformly over I, CONCLUSION: there exists 
at least one set of positive integers, ny < ng < M < ..., such 
that the series 
(2) > Cn, +17 Un, zat CE, iad 


j=l 
converges uniformly over I. 


PROOF: Let €, €,..., be a sequence of continually diminish- 
ing positive numbers which converges to zero. An integer 
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nm, can be found such that I7, (2| «e, for all zs of T 
simultaneously. Choose n) and hold it fixed, Now choose 
n, > n and such that | (2) | < «e, simultaneously for all zs 
of I. Hold n, fixed and choose n, > n, so that Hg (2 «€; 
&e. This choice of n4, 1a, ng, ... Causes (2) to be uniformly 
convergent by the definition of uniform convergence. 

The converse of this theorem is immediate; namely, that 
a uniformly convergent series can be replaced by one that is 
only quasi-uniformly convergent. Replace, for example, 
Uy (2) by UD (2) + UP (2)+ ... +UM (2), k > 1, and where 
U(P (z) — 0 but not uniformly over I. 


Theorem 180. HYPOTHESIS: 


() MORMORS 
are continuous functions over a region, I, of the conplea plane. 
(2) È un(e) 

n=1 


converges quasi-uniformly over I to f(z). CONCLUSION : f (2) 
is continuous over T. 


PROOF: Group the terms of the series in parenthesis as 
suggested in the previous theorem. The resulting series con- 
verges uniformly to f(z) which consequently is continuous. 


§ 2. Necessary and sufficient condition for continuity. 
Theorem 131. Let 


feae=> uw, (2) and vr, (2) = * w, (2). 
n=1 v=n+1 


where every w, (2) is defined in a neighbourhood, real or com- 
plex, of 2, andis continuous at zy A necessary amd sufficient 
condition that f (2) be continuous at z, 4s, that corresponding to 
each e > 0 a number n) can be found, such that for each value 
of % > %, a neighbourhood of z,, defined by |z—2,| S 8, 8 > 0, 
cam be fownd at every point of «which |v,(v)| « e The 
number é is in general dependent on n. 
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(i) To prove the condition necessary : 
By hypothesis f (z) is continuous at z;; and hence, 


() (FF) | = [8 G9) + % (2) 5 (6) —7 (9) | < 5 


when |z—z,| S ô. Now choose n so that 
(2) ral< $ 


for it and all larger values of n. Due to the continuity 
of u, (2), : 


(3) [sa C-s el< $ 


when |z—2| < ô. Let ô be the smaller of ô and 9, and 
combine (1), (2), and (3). We get | v, (z) | « e. 

(ii) To prove the condition sufficient : 

For a properly chosen 7 and § > 0, when |z—2,| € 9, 


| (2) | 2 1s, (0—f (200 « $ 
|y (29) | = | 8p (2) —f («)| < $ 


€ 
| 9n (2) m7 (2) | < 3° 


Combining, |f(z)—f (z,) | < €, completing the proof. 

In ease the 8 of the theorem is independent of n, the point 
Z, is called a point of uniform convergence. In the case of 
reals we may have uniform convergence on the left and not 
on the right and vice versa. In general the uniform con- 
vergence may be over any region having z) as a boundary 
point. 

Statements of this theorem similar to Theorems 96 and 97 
for uniform convergence are possible. 


§ 8. Sub-uniform convergence. 
Definition 25. Given that 


e6 


(1) > u, (a) 


nmol 
converges at all points of 
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(2) asasbh 


to f (a), and. that, as usual, 


Tala) =f (@)— È u, (8) =f (e) =s (2); 
v= 
whentoany € > 0 and any M > 0 there corresponds a method 
of division of (2) into a finite number of closed sub-intervats, 
Pi» -+s Patey EO that there is a value of n,n (pj) > M, such that 
| %, (2)| < € so long as w is in p, and n = n (p;), (1) is said to 
converge sub-uniformly over (2). 


Theorem 182. If u, (8), wu, (a), ..., Wy, (@) «.., are continuous 
over (2), a necessary and suficient condition that f(x) be 
continuous over (2) is that (1) converge sub-uniformly over (2). 


PROOF: I. Sufficient. Each point is at all times a point of 
one of the intervals, »,, ..., Pm(e, of Definition 25. Each point 
is then surrounded by an interval over which |r, (x) | < e 
with the proper choice of n > M or is the end point of such 
an interval. Calla particular point æ. Group the terms in 
parentheses as in Theorem 129. In ease a, is always an 
interior point of one of the intervals, continuity follows by 
Theorem 131. In case v, is a or b, we are interested in con- 
tinuity to the right or left only, which also follows. 

With a proper method of division, the case of æ, being an 
end point of an interval other than œ or b need never occur. 
If by a particular method of subdivision a, is an end point of 
two intervals; suppose that [rg G9 < e for the interval to 


the left, pj, and that | (æ)| < for the interval to the 
right, p,,,. For definiteness, suppose M - M. M and Mare 
particular numbers. As wz (æ) + Us d (@)+ Um (a) is 


continuous, by taking an interval to the left of a, small 
enough we can make [ag (aw) | within it as close to L5 (a) |, 


a constant, as we like; in particular less than «e since 
Its (a,)| < e. We include such an interval to the left with 


Pr and a, is not an end point of any interval, 


Y. 
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Continuity at æ, which is any point, implies continuity 
throughout the interval. 

II. We shall now prove the condition necessary. 

By Theorem 131, given any ¢ > 0 there is an M such that 
when » > M an interval, of length 26, (w), has # as mid- 
point; such that |, (E) | « e so long as Z is of the interval. 
In case œ is œ (or b) a similar interval of length ô, extends 
from a (or b) toward the interior of (2). For all values of 
n >M, æ held fast, $,(x) has a superior limit (possibly 
infinite). Denote this by Sx (æ). Now, as a function of a, 


S, (X) has an inferior limit 7. We shall prove 7 > 0. 


Suppose the contrary. Divide (2) into two closed intervals 
of equal length. S,.(#) has an inferior limit of 0 in one of 


these intervals, Continue this process. By repeated divisions 
into halves we arrive at a point, £, of (2) such that there do 
not exist é,’s greater than 0, M, such that |v, (2) | « « 
when |w—€|<&,. By Theorem 131 this means that f («) is 
discontinuous at £; a contradiction. 

Now, knowing ņ > 0, choose a fixed ¢ such that 0 < ¢< 7. 
Let n, » M be such that 8, (a) < ¢& Suppose that the right- 
hand extremity of the interval of length a, (a) measured 
from a is a; that is, jr, (v)| « e when a S 2 « m, but 
[Pa (a) |= e. Choose n, > M, such that Sn (m) » (. Suppose 
the right-hand extremity of the interval of length 28, (n), 
with a, as mid-point, to be a, &e. With a finite number of 
steps we reach b. Where two or more intervals overlap, 
assign the overlapping part to one of the intervals only. 
For example, choose a division-point X, between @ and 2, 
such that |r, (z)| « «e when aS z X X, and |m, (x)| « e 
when X, Sæ Sæ, &e. The subdivision of (2) made by 
a, X,, X,,..., 0, fulfils the requirements of the theorem ; and 
proof is complete. 

It is to be noticed that the discussion of sub-uniform con- 
vergence, which has been given, has assumed the independent 
variable, æ, to be real This was done for brevity and in 

* See chap. XII, $ 2. 
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order that the situation might be more readily visualized. 
This restriction is in no way essential, however. If æ is 
replaced by the complex variable z the interval, (1), becomes 
a region, S, of the complex plane; the sub-intervals, 
Pp o Pate: 

become a network of rectangles covering S. The formal 
wording of the definition and the proof of the fundamental 
theorem corresponding to Theorem 132 is left to the reader. 


$4. Infra-uniform convergence. 
Definition 26. If 


(1) È 4, (2) 
=1 

converges at all points of 

(2) a@Sasb, 


and sub-wniformly over (2) when and only when any set of 
intervals covering the points of a certain discrete * set, X, 
have been removed; then (1) 4s said to converge infra-uniformly 
over (2). 

We permit X to be empty, that is to contain no points, and 


thus include sub-uniform convergence as a special case of 
infra-uniform convergence. 


Theorem 133. Let (1) converge at all points of (2). Let 


b 
Í Up @) dæ, n = 1, 2, ..., 
a 


exist. Let, as usual, f (a) = >, w (£). 


n=l 
b 
A necessary and sufficient condition that [ J (2) dæ exist is 
a 
that (1) converge infra-wniformly over (2). 
All integrals are according to the Riemann definition. 


PROOF: w, (æ) is integrable and hence is discontinuous at 


* A set of points on a line segment is called discrete, if, given any e > 0, 
it is possible to set up a finite set of intervals of length 4,, 8, ..., 5,, such 
that each point of the set is on one of these intervals and 5, 8,  ... - 84 « e. 


"Y 
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a discrete set of points * which, of course, may be empty. An 
enumerable set ‘of discrete sets of points is also discrete.t 
Call the set of points arising thus from the discontinuities of 
the w,'s on (2), Y. 

We shall now prove the condition necessary. Assume X to 
be a non-diserete set. Then X —Y ] isalso non-diserete. Let 
P bea point of X— Y. Over no interval covering P is f (æ) 
continuous ; for, if it were, (1) would converge sub-uniformly 
over that interval. Any finite set of intervals whatever, 
including all points of discontinuity of f (æ), then includes 
all points of X—Y. Consequently, the points of discontinuity 
of f (x) form a non-discrete set. Hence, / (x) is not integrable. 
This is a contradiction ; and hence, X must be discrete. 

We shall now prove the condition sufficient. If X is 
discrete, X -- Y is also. Hence, the points of discontinuity of 
J (a) form a discrete set; and hence, f(x) is integrable. 


Next, as usual, let r, (æ) = f (@)— > u, (a). Let nf be 
n=l 
the inferior limit § of the sum of the lengths of a finite number 


of intervals, including all points where |v, (x) | > 6. 
Theorem 184, HYPOTHESES: (i) (1) converges infra- 


uniformly over (2); (ii) > |u,,(a)| < M, independent of & 


n=l 
c 
and n; (Äi) 59 — 0 for any fixed à; (iv) f w, (x) dæ exists. 
CONCLUSION : 2 fe 7 
> | Uy (ae) dæ 
n-17€ 


w 
converges uniformly over (2) to i Jf (a) da. 
a 
PROOF: Let an e > be given. Take an arbitrary 3 > 0. 


x E zx 
| Fois Dhut de | f, (ide. 
a nm-i"* a 

* See, for example, Hobson, Theory of Functions of a Real Vatrable, 1907 ed., 
p. 342, 

+ Ibid., p. 105. 

t Used to denote those points of X not belonging to P. 

§ See chap. XII, § 2. 
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But 
w & "uw 
[v aola In, todo s eo) tentat 
a a 
S (b-a) s+ M< e, 


(b—«) € 
M 





e € : (9j 
if ô< Uc (8-53) and n is so great that nf) < 


EXERCISES 


228. Prove that 1 —g +8? — aë +g*— u" + ... converges quasi- 
uniformly but not uniformly over —1 € æ <1. 


229. Set up examples of series that are quasi-uniformly 
but not uniformly convergent and where the interval of con- 
vergence is closed. 


230. Discuss quasi-uniform convergence of 


> [-2(a- 1fge7 07 D'7 9 igo 7] over 1X ac X 1. 


n=l 


281. Discuss sub-uniform convergence of 


g ne (n=1)æ ] 
zi +e — 14 (n—1)a* YER Sud 
n= 
232, Take each series of exercises 218-218 and examine 
with reference to quasi- and sub-uniform convergence. 
oo c a? 
233. Discuss >> a” (1—a) and = (i+ na) (1+ (a+ 1a) 
nol n= 


especially with reference to infra-uniform convergence. 


234. Discuss integrability for each non-uniformly con- 
vergent series listed in Exercises 213-218. 


285. In the light of this chapter, discuss term by term 
differentiation of series. 


CHAPTER XI 


POWER SERIES 


$1. Fundamental Theorems. 
Dofinition 27. By the term, power series in z, is meant 
a series of the form 


(1) Cot OSH Cys + Og + ..., 
where Cy, 6,, Cg» 6g, ven are any numbers whatever but in- 
dependent of z. 


There is no more important class of series. Fundamental 
theorems are given in this chapter, and the topic is developed 
at first as if uniform convergence were unknown, 


Theorem 185. The power series (1) either (i) converges 
only when z= 0, or (ii) converges for all values of z, or 
(Gii) there exists a fixed positive number, R, such that (1) con- 
verges absolutely when |z| < R and diverges when |z| > R. 
In geometric language we say that (1) converges at the origin 
only or at all points, or at all points inside a circle about the 
origin and diverges at all points outside this circle. 

PROOF: (i) (1) always converges to the value c, when z — 0. 
An example of a power series that converges for no value of 


eo 

z other than 0 is S, n"z". This is the case because 
n=i1 

niet> 0 when zÆ0. (i) An example where the series 


: QW m s 
converges for all values of z is Z^ This is readily 
proved by means of Theorem 41, (iii) Suppose (1) converges 
when zg =a@ 40. We shall show that it converges whenever 


|e] < lal. 
gi" 
a| 


But since (1) converges when =a there exists a fixed 
number, M, such that |c,a"|< M for all values of n. Hence 


[es^ | = | 0na" | 
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Rn 


jo, |< M | : the general term of a geometric series with 





ratio 





z « 1. Hence, (1) converges absolutely when |2| < |@|. 


Next, if (1) diverges when z — b and if | B| > |6| it must 
diverge when z = B; because if it converged when z = B it 
would necessarily converge when z = b, a contradiction. 

If |a| = |6| the theorem is proved. Tf |6| > | @], in geo- 
metric language, there exists a circular ring defined by the 
inequalities |a] < |z| < |b] in which we have as yet no 
knowledge as to the convergence or divergence of (1). Let 
jaļ=a® and |b] =. Choose a point,d,, such that 
[d,| — &[u(9 x 09]. The series either diverges or converges 
when z=d,. In case of convergence replace & by d, and 
denote | d, | by ¢™ and, for symmetry, let 6 be written 50. 
In case of divergence, replace b by d, and let |d} | = 6 and, 
for symmetry, le& &(9 be written a0. Now take a point d,, 
where |d,| — & [o0 4- 0], and repeat the process indefinitely. 
We obtain a sequence of numbers: a), a(,..., such that 
a) > al, and a sequence 6 , 6, ..., such that bnt) < b), 
Now b > a and a™ < o, Hence, by Theorems 17 and 
18, @ and b® both approach limits. Since 


jq = p [5| — lal] 6, 


these limits are equal. Denote this limit by R. It is pre- 
cisely the R of the theorem and is spoken of as the radius of 
convergence. 

In case (1) converges for all values of z we say that the 
radius of convergence is infinite R =œ. This is a compact 
mode of expression and by means of it certain theorems are 
shortened in statement. 

Theorem 135 is the most fundamental theorem with reference 
to power series. 


Theorem 136. Consider aguin the power series (1). HYPO- 
THESIS: |c,a"| remains finite when n—> oo, CONCLUSION: 
(1) converges whenever |z| < |æ]. 
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PROOF: Suppose | cpa” | < M independent of n. Then 


gr 


Jen 2| = [ena | 








n 
Z| <M 
ES 





which is the general term of a convergent series. 


c 
n |—> R as 





Theorem 137. HYPOTHESIS: In series (1) 








n+l 
N—> co. CONCLUSION: R is the radius of the circle of con- 
vergence. 


PROOF: This theorem follows immediately from the test 
ratio test (Theorem 41, Corollary). 


n+l 
Cu +e AI i IP 
——-|-— Zj 


R 


Ol 
[47 


a 


= lim 
aaoh Ca 


lim 


RH 











gk 


The series converges if lz < 1, that is if |z| < R; and like- 


wise diverges if |z| > R. 

Theorem 138. Consider again 

oo 
(1) = Cp”. 
n=0 

HYPOTHESIS: Given any e > 0, there exists an M, such that 
when m M, V|e,|«o--e, 0» 0. CONCLUSION: (1) con- 
verges when |z| < x 

rROOF : When 7 M, V/|c, ||z| « (x-- e) | z|. Consequently, 
by Theorem 40, (1) converges if (a+e)|z|< 1—7, where 


xd ge 1— 
0< 7 <1; that is, if Hec By a proper choice of 7 


P 1 
and e this can be made as near a 88 we please. Hence, for 


any value of z, such that |z| « Ls (1) converges. 


In line with the theorem just proved is the following 
theorem. Proof will be omitted. 


3627 K 
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Theorem 139. HYPOTHESIS: There eæists an M, such that 
Jor any e > 0, V|e, | > &—e > 0, when n >M. CONCLUSION : 


< ; 1 
z c,2” diverges when |z| > a 
As a corollary to the last two theorems we have: 


Theorem 140. HYPOTHESIS: */|¢,|—>a. CONCLUSION: 
ls . s 
= is the radius of the circle of convergence. 
a 


o0 


Theorem 141. HYPOTHESIS: >, 6,2" converges when 
nad 


|z| < R. CONCLUSION : > o ng} converges when |z| < R. 
` n=l 

PROOF: Lemma: 14+26+4367+46°+... converges when 
[0| « 1. To prove this, apply the test ratio test (Theorem 41, 
Corollary). 

Now to the proof of the theorem. 

Give z any particular value such that |z|< R. We then 
can choose a number b such that |z| < b < R. 


oo 
Since > c,b" converges, there exists a number g, such 


n=0 
that |e,5^| « g for all values of m. Therefore 
c n ges uae zd 
[noz 1| 2 pie" T] Sn; 




















By the lemma, this is the general term of a convergent series. 
We conclude the theorem. 


c 
Theorem 142. HYTOTHESIS: S, c na”! converges when 


n=l 


oo 
|z| « R. coNcLUSION: > 0,2” converges when |z| < R also. 


n=1 


PROOF: As before, take any value of z, such that |z| < R, 
and choose b so that |z| < b< R. Then, when n > b, 


[e,2* | < |e, no]. 
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eo 


But © |e nb] converges. The theorem follows by 
nol 


Theorem 36. 
Using geometric language, by Theorems 141 and 142, we 


D e 
can say that 7E, c,2" and 7S, c,nz"-! have the same circle 
n-l n=l 
of convergence. 
Let P (2) Z e-- c42 4 0,2? -- ... at all points where the series 
converges. 


Theorem 143. At any point z within the interior of its 
circle of convergence, 


d 2 
gro — 024 26,2430425.... 


PROOF: Choose a particular point z, inside the circle of 
convergence and let k 0 be so small in absolute value that 


|2, | - | 4| lies inside the circle also. Then 


P(s4)-P(a) — X e, [Ay at] 


n=0 


= Do, [met h+... +h] 
n=1 
converges absolutely. 


D m am 
P (a +h) —P(%) => a [nar n(n D) i-o NH ee]. 





h 2! 


n=l 


Let A(z) = > ene", Then 











n=l 
P (,+h)—P (2, S ,[n(n-10 p- u^ 
= ets o) — Alea) = 24(" 4 Ph+. tk |. 
But 
oa Danae tH | 
n(n—1 
s le [EE Dp ra ela]. 


K 2 
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And * le, E 


nad 


Tapta] 


converges; for 
n(n—1) 


| (lzal+1% 1)" 
2! ] 


h? 





a Poti lA e S 


oo 


and 2e 


nol 
converges. Consequently 
P (¢,+h)—P (z, 
VERISPUAT _ 4 (0) 








si X lu [ De pee aen] 


2-2 
Call this last expression || B(A). When |A | decreases each 
term of B (h) but the first decreases; and, as B (h) is a series 
of terms = 0, B (h) does not increase. Since 








T E a 
PRAN P (o) L A (e) | S hB G), 
lim PER -- Pind PG) 46), 


À—0 
which establishes the "d 


Corollary 1. Since A (z) has the same circle of convergence 
as P Es 


(n 1)! (w+ 2)! 
AR 0 ae 


2 





oP (2) = =C,-NI+ En, 

Corollary 2. P (z), as well as each of its derivatives, defines 
a continuous function over the interior of its cirele of con- 
vergence. 


Theorem 144. HYPOTHESIS: Given any 6 > 0 whatsoever, 
P (2) = ay ta,2+0_274+... vanishes for a value of z other 
than g = 0 when |z| < 0. CONCLUSION : 
= HH Oy =. = 0 
proor: Suppose P (z,) = 0. Then P (z) is continuous when 
[2| « [zo], by Theorem 135 and Corollary 2 to Theorem 143. 
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Consequently, by the definition of continuity, given any 
e€ > 0 we can choose a à such that |.P (0) — P (z) | < e when 
|z| <6 But P (z) is zero for certain values of z in absolute 
value less than ô. Hence |P (0)—0| < e; and, consequently, 
P(0-0. But P(0) — a. 

Now suppose a, =...= 4, — 0; to show a, = 0. 

P (2) = 2” (apt On412 + Anta? T es). 
At those points where P (z) = 0, other than z = 0, 
RE SAA Oy Zt Ape ese 5 

vanishes. Itis a continuous function when |z| < |z|; and 
moreover P, (0) =@,. As before, | a„—0| < e when |z| « ô, 
and hence a, = 0. 

Induction from the fact that a, = 0 gives the conclusion of 
the theorem. 


Corollary. HyPoTHESIS: Vo matter how small a &> 0 
4s taken, 
Oy FO ZH Og e+... = Oy th etd et... 
for some value of z, other than 0, but in absolute value less 


than 6. CONCLUSION: bp = Qp,  — 0, 1, 2,. 
o 
Theorem 145. HYPOTHESIS: F(z) = = €,2" converges 
n= 0 
when |z| < M. concruston: Let c be amy curve lying wholly 


within the circle |z| = M and of length <A. Then 


E 2) dz = Sa [ie 


1-9 


PROOF: Let œ and z be the limits of integration on c. 














Then f gde = 1 (gt — gn, 
E 04-1 
By Theorems 135 and 142, 
oo 
Jl 
ss Sun) 
n=0 


converges within the circle |z| = M. Denote the value of its 
sum by $ (z. By Theorem 143 we have 


fé -F0. 














134 POWER SERIES 
That is Jos I P(e)dz +X, 
e 
where X is a constant. Letting z = a we find K — 0, that is 


$us Í F (e) de, 


which is what we wished to provo. 


oo 
Theorem 146. HYPOTHESES: (i) ©, o, R” converges to S; 
n=0 


oo 


(ii) 0< 8< 1. OONOLUSION: lim > c,6"R" = S.. 


eat n=0 


rroor: |S— > e, (0 Ry* 
n=0 


€ [e J.] R].|1— 0| &... 9 Jeg |. | RE |. | 1-8] 
+ [Cy Ret + toy, RIT? As] 


M+1 pM+1 
BOR 


He PB asl CEE ea IL 


* erii M+p 


Now let an « > 0 be given. Due to the convergence of 
the series as given in hypothesis (i), if Mis taken large enough, 


REL te BYP ce 


[6,1 Mt» 


for all values of p z 0. Moreover, the expression in the 
second line of the right-hand member above, being the limit 
of this as pn, will be less than or equal to 3 . Now, by 
Theorem 28, 


1 
Weegee RYtlL xe 


M+p pM+p Malt 
pU Am eges 


Consequently, the expression in the third line of the right- 


hand member is less than É. Next choose a number @ such 


3 
that |c, R^| « G for all values of n. Then choose 6 so near 
1 tha& |1—6"|« —--, when « X M. When this is the 


3MG 


r 
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case, the expression in the first line is less than S, Tt 
results that 
S- > ¢, (OR) < e, 
n=0 


which establishes the theorem. 

We proceed to a generalization of the preceding theorem. 
The only reason for giving that theorem at all is that it is in 
substantially that form that the theorem is generally known. 


o 
Theorem 147. HYPOTHESES: (i) ©, cR” converges lo 8: 


n=1 
1—0 
| j i < K,aconstant. CONCLUSION: 





(i) 0 « |0| « 1; (ii) 
lim S goal 
n=0 


Here Ó may be complex, and there is no restriction on its 
manner of approach to unity, except that as a point in the 
complex plane it remain within some fixed angle formed by 
two half-lines meeting at the point 1 and inclined from the 
vertical toward the origin. 


PROOF: Let an e 7 0 be given. 


ls- > ep0 Re| <lo (1—8) Rte (1—0) R+ 


n=0 
M, pM M1 
Fey (1—6 )R | t ey, R + epi Lm 
+ jas R konal PR Ag eus 
Choose M so that 
M+1 M+ 2 Mp 
Ree Oy SF. * tebe y yh |< ô 


RÉ*? 


Korea 
for all values of p z 1. Then 
M41 M42 
PRIMUM: +. | £8. 
Now choose @ so close to 1 that for it and all closer values 


le, (1 —6) Re, (1 — 02) R34. ... ey (1-07) RY| < 6, 


je 
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Now apply Theorem 86 to 
M+1pM+1 M+2 pM+2 
0 R +ey 06 PETET 


m+ , 
letting b) = grer b= grea aa 
M+1 pi+1 M+2 Mrz. 
lew R ty yO R A 


<8 > |o steh picem 8|0|* * |8- 1 —6"| 


n=l n=l 


- sjej «B S1. ox. 





=ø] 
Then |S— * pO” R" | < 8 (24K) < € 
n=0 
if é BUS =—77> proving the theorem. 


maa 

We ae next a theorem which is a departure from our 
more recent theorems as it brings in a second variable. The 
theorem, however, is on the general topic of continuity and 
consequently is introduced at this point. 

Theorem 148. HYPOTHESES: (i) /,(y),1= 1, 2,..., is 
continuous over a region, K; (ii) there emist positive con- 
stants, vy, A, and p, such that for all values of ñ, 

fn (y) | 2 < Ane; 


(iii) |z| < æy — cowcLUSION: > f,(y)2" converges to a 
n=l 
Function of y and 2 which is continuous in y over S. 


n 
PROOF : |f, (y) | < aw (2) which is the general term 
5 i 


of a convergent series. The theorem follows by Theorem 113, 
corollary, coupled with Theorem 111. 
Compare Theorem 148 with Theorem 105. 


§ 2. Dominant function. 

Definition 28. Given f(z) =a,ta,2+a,27+ ... and 
o (2) = bo + biz +b? + ..., both convergent when |2|« R and 
such that b, 2 0 and |a, | S b,; then ġ (z) is said to dominate 
I (2) over their common region of convergence. 

The notation f(z) « ġ (z2) will be employed. 
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It is to be observed that within their circles of convergence, 
power series obey the same rules of operation and generally 
behave as do polynomials. Moreover, if P(a,, a, ..., ®,) is 
a polynomial with positive coefficients, 

| PG) 3 Gy, 58-4) | SP (095 Ope Og): 
Consequently, if f(z) «(z), [F@?«[¢ @P, &e. 


Theorem 149. HYPOTHESES: (i) f(z) = > a,2" converges 
n=O 


when |z| « R; (3) |z| « r « R; (ii) Mis a number such 
that | a,r" | € M for every value of n. | CONOLUSION: 
M 





a 
fi)«Ma«Ma.. ME. uu- 
T7 pn 1 


Sp 


"ES 


PROOF: |a,7" | < M by hypothesis. Consequently | a, 


which is the required proof. 
Other dominant functions might be set up, as dominance is 
in no way a unique property. For example, if a, = 0, 


m M 
fe) «Me + a +M= = ;- AM. 
jw 


T 





Theorem 150. Use the notation and series of the previous 
theorem. HYPOTHESIS: @ Æ 0. CONCLUSION: It is possible to 
Jind a positive p < R, such that 


f@ et . 


PROOF: Let à particular dominant function, as derived in 


2 
the previous theorem, be M+M Z +M 7 +... Choose 


0cp« «Und. Then 


lanp" |= apr] (EY < ME (E 


n-1 
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Now, if necessary, take p, still greater than zero, 80 small that 
ME sjal: 


Thon lanp”| < lao] or Jal < S, 
Honce f) <lao] + laol? lat = ML. 


Dominant functions are useful in many places in mathe- 
matices. We have in no way exhausted the subject. This 
section is introduced simply to familiarize the reader with 
the idea. 


$ 8. Substitution of one power series in another. 

Theorem 151. HYPOTHESES: (i) $ (y) = bo + bY tby’ +... 
converges when | y| < 8; (ii) y = 0+ 0448+42? + ... converges 
when|z| « R; (i) |a| < S; (iv) hisany particular positive 





number such that when |z| < h, > |a 
n=0 


nl |e) <8. cox- 


CLUSION : when|z| < khp U) = > 6,2”, 


where Cy = b, bas 0, AD +0,42 +... 
e, — ba, b AD 4 b AQ 4... 
totins dd Ae: 


The A\)’s are bide by squaring, cubing, te. , the series 
Up ta e+a,2+... and indicating the resulting series by 
AN 4 AMZ 4 AMZ +... 
Bord ADU 


PROOF: Consider the Joule series aridined by substituting 
for y in the series @(y), namely 
(1) b, 00... 
Tb 04 b o 2 Fb 052? 4 ... 
+b, AM +b AP +b, AP 
+b, AP +b, APZ +b APH... 
F . . , . . 
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If we sum by columns we get the desired result. We can 
do this if the double series converges. To prove convergence, 
consider the double series of absolute values. Its first row is 


| b, |, its second row is |b,| Y, where 

Y lay |a|z| * jas! | es. 
The third row is dominated by |b,| Y?, and in general the 
(wv +1)th row is dominated by |b,| Y^. Consequently, when 
Y « S, that is when |z| « h, the double series of absolute 
values converges. This means that the double series itself 
converges. 


oo 
Theorem 152. HYPOTHESES: (i) y (2) = D, bz", bos 0, 


n=0 
converges when |z| < R; (ii) (2) -5 az” converges when 
3 n=0 
|z|<R,. CONCLUSION: > ¢,2", where ey,¢,,... are de- 


n=0 
termined by dividing o(z) by wiz) by the usual rule for 
dividing polynomials arranged according to ascending powers 


of z, converges to ae when |z|< R,,|2| < Ba, and when in 





` addition |z] is so small that [biz +b + | < [bol 
proor: Let y = 5 (bye+b,22+ ...). Consider 
a iHyty—y +. 
io ee 


This converges if | y| < 1, which we have assumed. Replacing 
y by its value according to Theorem 151, we have 
11 1l b, b? — b,b 
hiry Ó «€ EU: 
which is convergent when |z| < R,. Inaddition let |z| < R, 


002p. 


and multiply the series just obtained by > «,2”. We obtain 
n=O 
the desired convergent series, D> (ae. See Theorem 79. 
n=0 
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The coefficients are those which would be obtained by the 


usual division process as we proceed to show. The process 
n 


employed here applied to the polynomials > a,2 and 
4-0 

> b,,2” yields the coefficients, ĉo, c,, ... c 

n=0 

are also obtained by the usual division process. In both 

processes the work is identical with that for finding the first 

n coefficients in the infinite series. 


» These coefficients 


Theorem 158, HYPOTHESES: These are the same as in the 
previous theorem except that b=... = b, 4 — 0, by , 4E 0. 
CONCLUSION: Divide $(z) by w (2), formally obtaining 

c 
JA + 3 Tet ds + Cp- HCZH e 

> ce, converges when |z| < R, |z| < Ry and in 
nak—-l 
addition |z| is so small that 

[6,2 by ug + | < bpa 
Moreover, if « # 0, 
(z) 6 € [^ 
PROOF: y(z) = 2*-1[b,_,+b,2+ ...]. Let 
X @) = [Dy-ato,et J 
d according to the previous theorem. Multiply 


by a and the desired development is obtained. 


and develop 


k-1l 
$ 4. Uniform convergence of power series. 


I] 
Theorem 154.% HYPOTHESES: (i) © ¢,2" converges when 
n=0 


Z= 2%; (ii) 0 < R < |z|, where Ris a constant. CONCLUSION : 


> Cpa” converges uniformly over the region defined by the 
n=O 
inequality, |z| S R. 

A * Cf. Theorem 135. 
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eo 
PROOF: The series 7» |c,| R" serves as the comparison 
n=0 
series of Theorem 113 and proof is immediate. 
o 


Theorem 155.¥ HYPOTHESIS: ©, apg” converges when 
‘ n=O 
v — l1. CONCLUSION : It converges uniformly over the interval 


OSe¢Sl. 


o0 
PROOF: Leb rj (v) — 7, aa^ and let 
n=m 
Emn = Omt Amer te geri 
Let € > 0 be given. 
When |æ] <1, 
1 


Tog m (a) ltc+e+.J= > Sree ne re 


n=l 
Now take M so large, that when m > M, |Sm,n 
every 7 2 1, then 


Tn (x) 
|< e for 


oo 
AOI = | (1—a) > a, uam | 

n=l | 
oo 


> gina 


asl 


w 


< (1—4)... D Pse 


n=l 


« |1—2|.e. 








This is when 0 € z « 1. Moreover, when v — 1, 


Tm, = lim by, 


A ->o 
and consequently |rm(1)| < e when m > M. Hence 
I?m (@)| S 6 
when m > M and 0 S œ $1; which establishes uniform con- 
vergence. 


n 


Corollary 1. The point 1 can be replaced by any point, 
XH, on the real avis, 


For proof replace a,, 2% by a, and v by E and the corollary 
0 
reduces to the theorem. 


* Cf. Theorem 146. 
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Corollary 2. The interval on the X-axis can be replaced by 
an interval on a ray from the origin to a point 2; that is, 
w is replaced by xett, 

For proof, amalgamate the ¢”?? with &,. "This corollary 
then reduces to Corollary 1. . 

The last theorem is a corollary to the following more 
general theorem. It is given independently on account of 
the great importance of the topic and the simplicity of its 
proof, The following theorem, although a ready consequence 
of Theorems 147 and 121, is essentially more difficult than 155. 


ao 
Thoorem 156. HYPOTHESIS: > c,2* comverges when z —z,. 
4-0 

CONCLUSION: Tt converges uniformly over any region in the 
complex plane bounded by two straight lines meeting at zy 
and extending within the circle about the origin through 
Zy and any other curve lying wholly within this circle. 

Details of proof are omitted. See Theorems 147 and 121. 

From the last several theorems results as to continuity, 
integrability, differentiability, &e., of power series can readily 
be drawn. See Theorems 111, 122, 123, 124, also Theorems 
143 and 145, where independent proofs are given. 


$ 4. Inversion * of power series. 
Theorem 157. HYPOTHESIS: 
90 
(1) u= S bb 3: 0, 
n=0 
converges when |z| S| 2%|,|2| > 0. CONCLUSION: There exists 


anh > 0, such that when |u—b)| < h there is a unique series 
of the type 


(2) z= (u— My. +a (u —b,) +a, (u — b)? +. el 
which converges and wtb (1) 


* Sometimes called ‘Reversion’, 
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m ba) 
b 29 i 


PROOF: Replace z by tz, and let v= Series (1) 


reduces to a series of the form 

(3) » =t—¢,l?—¢,0—..., 

which converges when |t| < 1. Series (2) reduces to a series 
of the form 

(4) t=v(ltd+d v*+...). 

These series are the original only written in a different 
way. In other words, if t is given by the latter series the 
corresponding value of z is given by the former, &c. There 
consequently is no loss of generality in treating the latter 
series, We proceed to do so. 

Substitute (4) in (3), assuming for the moment the con- 
vergence of (4). We get 
v — v (d, —c,) v! 4- (d, — 2 0,d, — 0) v? 

t [d,— o, (dd - 2 d4) — 3 ed, —e,] v* 

t [dg — 2 c; (d, + dody) — 3 e, (d3 + do) — 4 e,d, —e] v? 4 .. 
Equate coefficients of like powers of v, by Theorem 144, aid 
we have 

dy = Cy, 
CA = 2 Codo +5, 
= Cy (34 2d,)+3¢,d,+¢,, 
oe = 2¢,(d,+d ae eT ee t6, 


a 
= 
\ 


" Ans je ty 
f, being a polynomial with positive coefficients. We see 
that the ¢,’s are always uniquely determinable, This deter- 
mination gives a formal solution of the problem. It remains, 
then, only to prove the convergence of (4) for values other 
than 0. 
(3) converges when t = 1. Hence, |c„| < œ, a constant; and 


(5) |da] S fa © o A) HA = Fp (0 ona A). 
Now let us consider 

EE PIA a e 2 xS 
(6) v —í—at?—ai$—...—t it 
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Solving for £ we have 
(7) pa tee VI-22at 1)v v 
2(1+«) 

Consider that the radical is so determined in the neighbour- 
hood of v = 0 that, when v = 0, it equals 1. Write it as 

(1—2 (2a +1)v +0), 
and expand by the binomial theorem, getting a series that 
converges when |2(2a+1)v—v?|< 1 and which can be 
written as a power series in v according to Theorem 151. 
Substitute this in (7), The series obtained, where the minus 
sign is used before the radical, coincides with that got by 
the method of undetermined coefficients as applied to (6). 
Because both satisfy (6), and we have seen in the discussion 
of (3) that when a power series for ¢ in terms of v, with con- 
stant term zero, satisfies (6), its coefficients are uniquely 
determined. Its (n--1)st coefficient is F,(o,... o) And, 
since |d,|< F(a, ..., a), (4) converges and the theorem is 
complete. 


$ 5. Power series in several variables. 
Definition 29. A series of the type 


o 
(1) Uo cda e Pg 
2=0,m=0 
where the d, ms are constants, is called a double power series 
in æ and y. 
The following theorem is a generalization of Theorem 154. 


Theorem 158. HYPOTHESES: (i) # #0 and y, 40 are 
fixed. amd. M is a positive number; (ii) 


|an mty" | < M 
for all values of n and m. CONCLUSION: (1) converges uni- 
Jormlg* when |z| € X « |um,| and |y| S Y «|y,| simul- 
taneously, X and Y being fixed. 


* The notion of uniform convergence for multiple series is assumed with- 
out formal definition. 
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Proof is made by comparison with the double series of 


yj” 


0 


positive terms © M i 


n=0,m=0 














g : 
e which converges to 
i . 











—— — See Theorem 91. 
c a W- x 





The following theorem also can be proved readily. Inci- 
dentally see Theorem 135. 


Theorem 159. HYPOTHESIS: (1) diverges when æ = v, and 
4 — 3, simultaneously. CONCLUSION: (1) diverges when 
[e] > |m] and |y| = | Y| simultaneously. 


If we consider the double series (1) we can differentiate or 
integrate term by term as many times as desired. We infer 
this from the uniform convergence. An exact statement and 
independent proof, however, is given. 


Theorem 160. HYPOTHESIS: 


oo 
Q) Zo asy" — Fey) 
u=0,.m=0 
converges when |x| <a and |y|< b simultaneously. con- 
CLUSION ¢ 


œ 


2 ZO aim 
n=I,m=0 
à 

converges to M and 


eo 


(3) p^ Ama may” 
n -0,m-—1 
oF (a, 4 s 
m (æ, y) whenever |o | « a and |y | < b simultaneously. 





dy 


PROOF: Consider (2) for example, and suppose first that 
am, n» %, and y are all positive reals. Then, by Theorem 90, 


Fey) = E È anny. 
n=0 m=0 


3627 L 








146 POWER SERIES 


Also, since (2) is now a series of positive terms, it converges if 


x mani 2 Amny” 


n=0 


converges and to the same value. But, by Theorem 143, 


o oo 
2 nar? = Amny” 


n=0 n=0 


s[e * 3 nav |= ien. 


converges to 


oc 


Now suppose the d, en #, and y any complex numbers. 
Consider the double series formed of the absolute values of 
the terms of (2). Tt converges, as we know for the following 
reasons, (1) converges, that is it converges absolutely. 
Differentiate this series of absolute values and we get a con- 
vergent double series by the proof that we have just gone 
through with. It is the series of absolute values of (2) of 
which we spoke. Henee, (2) converges and can be summed 
by columns or rows (see Theorem 90). Consequently 


oo oo 
> aaa apium = > mal > Om, ny 


nw=lm=0 n=l m= 0 


= 35 5 2 cat 


m=0 


by Theorem 143. 





oF (a, 7) 
dy 


The proof of the formula for finding requires only 


obvious modifications of that given. 


Corollary. Series (2) and (3) are of the form (1); and 
consequently (1) can be differentiated term by term as many 
times as desired. 


Theorem 161. HYPOTHESES: (i) 
oo 
> y, 07" — P (vy) a 
40,020 
comverges when |w| « a, |y| « 5; (i) cis a curve lying wholly 
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within the circle |y| =b; (ii) y is @ curve lying wholly 
within the circle |œ] =a. CONCLUSIONS: (i) When |x| < a. 


[ F@vay= 


E 


2 tg | y" dy; 
e 


n=0,m=0 
oo 


(ii) when |y| < 6, f F(my)de- © am ny” | ada. 
Y n=0,m=0 Y 
PROOF : By Theorem 90, 
= am, ny” = > > |o" X Om, nT za 5 
n=0,m=0 m=0 n 


and hence 


|. F( (e, y) dy = 5 [CJ y" dy) S Amn a}. 
m=0 n=0 

By Theorem 90, this equals 

> amaa | y" dy. 

n=0,m=0 e 

provided the latter series converges. To prove this con- 
vergence, of course holding |#|< a, let g be the lower limit 
of integration and y the upper. Then 


oo 


> tan | y" dy 
n=0,m=0 s: 
e a eo 
= > m,n gym I > Amn ange . 
m-41 myl 
n-0,m=0 n=0,m=0 


Each of these series in the right-hand member converges by 
comparison with the absolute value a of (1); because, 


when m+1>!y| and >|g|, [y **!| c |y" |. and 


m m4 1 
zu g*'| « [g^]. See Theorem 91. 

This completes the proof, so far as the first half of the 
conclusion is concerned. The second half ean be proved in 
the same manner. 

In the next theorem we treat the question of substitution 
in double power series. 

L2 
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Theorem 162. HYPOTHESIS: 

(1) F (x,y) = = Am, n” y" 
m-0,n-0 

converges when |x| < a and |y! < b simultaneously, 
(4) B= bgt My Z+a,27+..., and 
(5) Y = bot baz +b uus, 
where |a| <a and |b| < b, converge when |z| < c. cox- 
cLusion: There exists a fixed h > 0 such that when |z| < h, 
F (x, y) is given by a series 
(6) Apt A12 A22 4 ..., 
where the coefficients Ay, Ay, Ay, ... are obtained by substitut- 
ing from (4) and (5) 4n (1), collecting those terms containing 
the same power of z and summing the resulting infinite series. 


PROOF: Arrange the double series (1) in a horizontal (m, n) 
plane. Power series can be multiplied within their interval 
of convergence. Ñubstitute for æ and y the series (4) and (5) 
and arrange the resulting power series in z as vertical columns, 
like powers of z being in the same horizontal plane. The 
triple series thus obtained, which we call (7), converges. For 
consider the series of absolute values. Suppose that when 
Z = Zos 0 < Z < 6, the series 
(8) lao |t |o] | asl] e... and 
(9) I5 1e15 Ie] e s] o P 
converge to values less than a and b respectively. We know 
that it is possible to find such a ‘z,’, sinee (4) and (5) con- 
verge absolutely when |z| < c and since power series such as 
(8) and (9) represent continuous functions, and |@|< a and 
lb | <b. The absolute value series, when |z| < 2, has its 
columns converge and the double series of values converges. 
Consequently it converges. The fact that the absolute valuc 
series converges implies the convergence of (7). Now since 
(7) converges, ib can be summed by planes parallel to the 
(m, n) plane, by Theorem 96. This gives us the desired 
series (6), of the theorem. 
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The idea of Dominant Function for power series in several 
variables is a generalization of that under Section 2. 


Definition 30. Given a double power series, f(x,y); we 
say that a second double power series in the same two variables, 
¢ (wy), dominates f(x, y) over their common region of con- 
vergence, if cach coefficient of (a, y) is positive and as great 
as the absolute value of the corresponding coefficient of f (æ, y). 

If © ay, _2”y" converges when |«| <a and |y| <b 

n=0,m=0 
and |@m, „|< M for all values of m and n, it is readily 
shown, as in Section 2, that 


s me M 

$(y-M Y "ea ~- = 
n=O, m= ae LU 

0,m=0 G IC y 





o 


; iyd : "E 
dominates > Q4, ,&" 3". Another dominant series is 
n=0,m=0 


the double series expansion of 


M 
Nr (gj) mme 
ic e+ i) 
ab 


For the coefficient of ay” in w (a, y) is equal to the coefficient 
of the corresponding term in the expansion of 


“ey 


and hence is at least equal to m the coefficient of ay” 
in $ (@, y). 

The definitions and theorems of this section have been 
given for double power series. ‘This has been primarily for 
brevity in statement. And the reader should have no 


difficulty in generalizing to a larger number of variables. 
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EXERCISES 


236-946. Determine the circle of convergence of the power 
series given below. Examine for convergence at points on 
the circle of convergence whenever it is finite. [HiwT: In 
considering these series for complex values of z on the circle 
of convergence Theorems 65, 85, and 86 will be especially 
useful The problem is frequently difficult.] 


1 1 1 
—_2? lg9— lg . 
2—35? T 37 14 Tee 


13 be 

9 gu cq VA XD 

Enc PSP OC SE OUS 
2* 25 P 


—z2— — meee 
Lees Gata a ; 





1\ o 1, 1)\,5 Feds cds r2 

s- (1 5)e +(1+ 543) (1*3 3 *3)* Pari. 
3243 , 93543 , 3'43, 

— <= 24 — ____28 4; 
1 gay? tay” 4(69^ * 
l—242*—35- £8 —2 4 gt a u.s 

1 1 gu 
e—1)— + (2—1) + z(2—1? — z (e—1t9 ...5 
(po) qe) eed - e p«r 


ga zt 


1— gre i) ^ (2 (m+ 1) (m 2) 








zê 
~ (81) (m+ 1) (m m+s? 
CENTRE RC AE te 
»- sap *3) * wept ats) oe 


mim—1 qn (m —1) (m —2 
14mzT naa en D en resi 


a.8 a(x+1)B(B+1) , 
Ty t X7 
a (x+ 1) (x+ 2) 8 (8-1) (8 2). 
E A AEE (007 


247-253. The last series above is known as the hyper- 
geometric series. It should be carefully studied. The function 
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to which it converges can be represented by F(a, B, y, 2) 
Assuming Maclauren’s formula from calculus, prove: 


F(1,1,8, —a) — “log (1+2); 


1 3 1 1+g 

1 1,3,08) = logt, 
FG gt 2a 81w 
3 


11 : 
aF (55 5? 9° w*) — aresin 2; 


1 3 
ak (5: 1,5° —a?) = arctan a; 


lim F(o, fl; =) seas 


0 — 0 


: 3 
lim æF (a, &, z 


: )- sing; 
NS ; 
à» 2' 40 


= sinha. 





: 3 sq? 

Jim F(a, 0 5> 3 

954. Show how to get power series for cos œ and for cosh æ 
from the hypergeometric function F (a, P, y, w). 


255. Show that F(x, B, y,w) satisfies the differential 
equation 


2 l 
e(a- C4 t (&-B3)2-y) d taBy 0. 


956. Functions known as Bessel’s functions can. be defined 
by the following series: 


e n 


J, (2) = 0 2. (7 D gaps Em). 


$20 





Show that they satisfy the following relation: 
27 
Ja (2) — ue J, (2) — Ja- (2) 
257-959. Assuming Maclauren's formula, obtain power series 


expansions for the following functions. Examine each series 
for convergence. log (1+2), e%, sin æ. 
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[Hinr: Write the series in the form 


* 0, z^ — = > lnr n 1—z^ (1—2") 


260-275. By means of the theorems of this and previous 
chapters and the series obtained in Exercises 257-259, 
obtain power series expansions for cose, tanc, cosha, 





log(1—4), e”, e*sinz, e*coshz, sine*, cossing, log eos z, mel KSL 
: 1 T 1 ! 
aresing, cosh !z, ——-, ———;, arctangz, — — . Discuss and a = Gye" « 
5 ^ r2! Dig] ^ FII C 5 noa 2 


n=1 
convergence in each case. Obtain at least one of these series 


. : o and apply Theorems 119, iA 
by inversion of a series already obtained. 


oo 


276, Prove the following theorem. HYPOTHESES: 278. Prove the theorem. HYPOTHESIS: > Gy, converges. 
n=l 
n 
(i) 2 «, and > b, CONCLUSION : x On 4 zi converges at all points where 
n=0 


converge absolutely ; z | z1and uniformly over any fixed circle of radius p < 1. 


Gi) f,@) = Xs a and f, (a) = 2 NA | 


CONCLUSION: 


a 2r 
Zab-y| 50050928 


qi 


i S g^ 
Definition. A — i 
nition. series of the type 2 tn >a 8 known 
as a Lambert series. We say that it corresponds to the 
© { 
power series > a2”. 
n=1 
277. Prove the following theorem. HYPOTHESES: 
(i) Sa, diverges; (ii) > a,2” | 
LS! n=1 


has a circle of convergence of radius R, OONOLUSION : 


Sa, 
An 
n=1 1—2" 


o 
converges at all points, |z|1, where > a,2" converges 
n=l 
and conversely. It converges uniformly over any circle of 
fixed radius r < R, 





CHAPTER XIL 


DIRICHLET SERIES 


$1. Convergence theorems. 
Definition 31. A series of the type 


o 
(1) 2 aae 7m 


where Ap < Ant are veal,* d where X, — co, a, being inde- 
pendent of z, is known as a Dirichlet series in a. 

Particular types of Dirichlet series are obtained by assign- 
ing A,. For example, we can let X, = log T. 


Definition 82. A series of the type, 
e 
(2) 2 aw 
=1 


is known as an ordinary Dirichlet series. 
I£ we let A, = n and make the transformation w = e'*, (1) 


EJ 


goes over into the power series > QD, 
n=l 


Due to their generality and importance a study of Dirichlet 
series will be made somewhat like that made of power series. 
We begin with a fundamental convergence theorem. 


Theorem 183. HYPOTHESIS: Series (1) converges at 
Zo = o + Yot. 
conciuston : (1) converges uniformly over the angular region 


defined by 
lam (s—2)| $ o, 


m 
0< i 
meg 


* This assumption is usually made, although it is possible to develop an 
extensive theory without it. 
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proor: Replace z by 2'+2)- Series (1) becomes 


oo e 
—2Ana£g ,—^a* |. —Ang 
2 Ane e AT zi bne P 
n=l n=l 


which is of the form (1), converging when 2/=0. We go 


back then, and assume, without loss of generality, that z, = 0. 
ea hn? _ gw? jJ e" da. 
An 
And, when g, the real part of z, is positive, which we assume, 


— - ^ a 
(3) le Aw? e Aaa] < E T ! qum dai 
An 


Iz] (e^ An® e wn, 
Next, as usual, des z 


8, (2) — > ape ™™? and f(z) = 2 Uer R; 
4-1 


Let isl < tano = c, thus confining z to the angular region 


in question. Let an e>0 be given. Then, as is readily 
verified, 


oo 
> d, e^ (a t yi) 


nov 


7 Ze, (0)—/(0)] [e 6 19- g m eH] 


: 6.1 ()—/()) 19. 
Let v be so large that A, 7 0 and | s, D | < q, whenever 
nmz2vy—l]l. Then 


a 
—Àa (t + 42) 
Sae 


ney 


oo 
<4 > Je A ta) o Ma oe | 496 7 


n=y 


By (3) this is less than 


gy x S — = J 
"m — Xe M5 Lg Mat), 


nop 








2 —————— ME 
=nalt+ (4) erty cn VIFEty S anvltc<e, 





if < -; establishing the theorem, 


€ 
2/1-4c 
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Corollary 1. (1) converges wniformly over the complete 
angular region described in the theorem, including its vertex 
and bounding lines. 


Corollary 2. f(z) approaches f(z) when z approaches 2, 
in any manner, so long as it lies in the angular region of 
Corollary 1. 


Theorem 164. Series (1) either converges for all values of 
z or diverges for all values of z, or there exists a line inthe 
complex plane, œ = a, such that (1) converges at all points 
to the right of this line and diverges at all points to the left. 


proor: An example of a Dirichlet series that converges 


for all values of zis > A n-*, of one that diverges for all 


4-21 — 
eo 


values of z is >, n!n7*, of one that converges for certain 


n=l 
eo 


values of z and diverges for other values is >. 
n=1 
In the third case the existence of the line æ = a is readily 
established as in the corresponding theorem for power series 
(Theorem 135). Details are omitted. 


Definition 32. The value a of Theorem 164 is called the 
abscissa, of convergence of series (1). 


Theorem 165, HYPOTHESIS: Series (1) converges at z = 0. 
CONCLUSION: (1) converges uniformly throughout the angular 
region bownded by the two curves 


y= eM*_1 and y =—(e#—-1), 
M being amy positive wumber.* 


As in Theorem 164, there is no loss of generality in our 
assuming the known point of convergence to be the origin. 


* For a general discussion of the region of uniform convergence see 
L. Neder, Mathematische Zeitschrift 15, S. 280. 
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PROOF: Lebe, be a constant, such that |s,(0)| « c, for all 
values of n. Then, for N = 1 and w > 0, we have 


oo 
f@)—sy@)= 2X ((0—5,4(0)e7* 
n=N+1 
oo 
= XE s) —e n) sy (0) n, 
a> N41 
oo 
oS forte pee en 
n= N+1 


[f (e) — (2) | 


IA 


co 
s all > (c * —g Mnt) pe un Mat 
n= N+1 


Ig]. — RIXA z I 
€ gible Mee? pe Wut <Q NEN Aya 
o a 


Moreover, with z in the region in question, 
AM» 


|2|2le*yil S e |y| E ete ^—1 
Ma Mx ot Mx Max 
Sap te <H’ <ce. 
Henee 


Pd 
Z)—S4(2)| « 2¢,¢, —e 
Fespa |< 20,0" 
2 dt 1 1 


= = la” -a + 
2 a 8 qo QqAXa-M)x 








If an e 7 0 is given, determine N, so that Ay pn > M and 

take X so great that 
l 1 
Ca * X . Resim « €. 
We then have, for values of « = X and N > N,, 
If (2) sy @)| < « 

The convergence is, then, uniform over the portion of the 
angular region in question where « = X. The portion where 
& € X is covered by Theorem 163. Consequently, by Theorem 
99, convergence is uniform over the whole region. 
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For continuity, integrability, differentiability, &c., of 
Dirichlet series we now refer to theorems of chap. IX. 

Theorem 166. Series (1) either converges absolutely for no 
value of z= a+yi, or converges absolutely for all. values of 2, 
or there exists a real number b, such that when w = b (1) con- 
verges absolutely and uniformly, and when æ < b (1) does not 
converge absolutely. 


PROOF: Assume that the series converges absolutely when 
g=%. Whenda, 20 and « = #,, which we assume, 
[aue 7| e [às] 67 = (ap o7 o7 0799 & a, o7 
Absolute uniform eonvergenee follows over the half-plane 
where @ = «,. 1f (1) does not converge absolutely when 

— 2, we readily show in like manner that it does not 
converge absolutely at any point where @ < ap. 

If (1) converges absolutely at one point and does not con- 
verge absolutely at another the existence of b is readily 


established. ‘The existence of such series is proved by the 
single example e 
È (=n. 


n=1 
The series given under Theorem 164 also serve to illustrate 
the other cases under this theorem. 


Definition 33. b is called the abscissa of absolute con- 
vergence of series (1). 

The whole topic is illuminated by the following additional 
examples. a and b are used to denote the abseissas of con- 
vergenee and absolute convergence respectively. We use the 
symbolism «= c» to mean that the series converges at no 


point. Similarly we use the symbolism as « — —«, b — æ, 
and 6 =— with obvious import. 
EXAMPLES 





| 
| 
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2. —o<4<b< W 
(=1},_ 2 
n ` ogm) 








n=2 
8. —-o=4a<b=0 
Scy or. 
am vn (log n)* 
4. —w<a=b<w 
Xi. 
aca 


B -wo<a<b<w 
e 


cy. 


z 
nol n 





6 -w<a<b=o0 





$ 2. Superior limits. 
This section is a digression from the topic of Dirichlet 


series. i It is preparatory to the succeeding section and can 
be considered as in the nature of a foot-note or lemma. 


Definition 34. S is a limiting number* of a set of 
numbers, X, if for any e > 0 there are an infimite number 
of different numbers of X fulfilling the conditions, « 3E S and 
|a—S| < e simultaneously. 

The limiting numbers of the set X form a set which we 
designate by L. If X has no limiting number we still speak 
of its set of limiting numbers, the set being vacuous or empty. 
This is a convenient mode of expression. 


* In geometric language: limiting point. 
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Theorem 107. HYPOTHESES: (i) X is infinite; (i) all 
numbers of X are real and lie on the interval 
(1) G, Sa G,. 
cononustons: (i) The set L contains at least one number; 
(ii) the numbers of L lie on the interval (1); (iii) L contains 
a maximum wumber. 


PROOF: Divide (1) into two equal closed* portions. At least 
one of these portions must contain an infinite number of the 
numbers of X. Divide this into closed halves and proceed. 
The process is a familiar one. The intervals shut down on 
a number which is a limiting number of X. 

That all numbers of Z lie on (1) is only noted. See the 
proofs of Theorems 7 and 8. 

Moreover, J, contains all its limiting numbers. For, let P be 
alimiting number of Z. Then denote a monotonic sequence of 
differentnumbers from L approaching P by L, For definiteness 
suppose this an increasing sequence. Now from the set X 
choose #, such that |a,—Z,|< 3. Then choose a, > a, such 
that |z,—L,| « 1. Choose a, >, such that |a,—I,| <4, 
&e, This sequence has P for limit, showing that P is also 
3 number of L. 

We next prove that there is a number of L which is 
a maximum, As we have done once already in this proof, 
divide (1) into closed halves. Consider that half which con- 
tains numbers of L and which, on the linear scale, is chosen 
as far to the right as possible. If this half contains only 
a finite number of numbers of L, the largest is the desired 
maximum. If not, divide the half considered into two equal 
portions and proceed as before, The intervals shut down on 
a number which is a limiting number of L and hence itself 
a member of that set. It is a member than which no member 
is greater, and hence is the desired maximum. 


Definition 35. The maximum of the set L is called the 
superior limit of X. 
If the points of X do not remain finite to the right we can 


* The point of division is considered to belong to each portion, It is thus 
counted twice, 
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introduce the symbolic limit o, and say that every infinite 
set of real numbers has a superior limit. 

In ease the numbers of X form a sequence, s,, we frequently 
write, superior limit s,. 


A definition and discussion of inferior limits entails only 
formal modifications of the preceding. 

The terms upper limit and lower limit are frequently used 
for what we have called superior limit and inferior limit 
respectively. These terms are not to be confused, however, 
with upper boundary and lower boundary, which are usually 
used with a different significance. 

A number, D, is called the upper boundary of X if all 
numbers of X are less than or equal to Band if for any e > 0 
there exists at least one number of X satisfying the condition 
B—xv< e This number may be B itself. 


§ 3. Values of tho abscissas of convergence. 


The next problem is to determine the values of the con- 
vergence abscissas, a and b. 

We have shown how the essential character of the series is 
not changed by the transformation z = 2’+z2,. Consequently, 
in case a & —o there is no loss of generality in our assuming 
that it is positive.* This we proceed to do. 


Theorem 168. HYPOTHESES: (i) a is (he abscissa of con- 
vergence of 


e 
x," =A 
(1) bor d 


n=1 


(ii) 0< a < «©. CONCLUSION: 


n 
= ay 








log 
superior limit P 1 L 
nao ^" 
exists and equals a. 
n oo 
* In ease a < 0 in the formula for L replace > ay, by > Gy. For 
wel na=ntd 


references to the literature see: ‘Théorie Générale des Series de Dirichlet.’ 
G. Valiron : Mémorial des Sciences Mathématiques. 


9627 M 
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PROOF: We shall make the proof by proving, J, that if (1) 
converges when z — a > 0, then 


n 
log | 2 a n | 
seii c “ui 
superior limit 
nw n 


exists and is no larger than w,; and IT, that when a > L (1) 
converges. 





L Assume (1) convergent when z — z, > 0. Lets, (z) have 
the usual significance. 


n 
— Ap Eo An T 
> Qe T iio we 


wal 


n 1 
\ An A, 
T (S, (m) —5,a 99) P ^ 8 (e) e 


n=2 


ll 


8, (0) 


! 


n—i 
= D s, (x) (e) ts, (0) e 


n=l 
Suppose |s,, (a) | < B for all values of n, Then 
n-1 
su (0)| < 8 E (P dm Bé 
1 


n= 





= Bie Lg y. Bets c 2 Be, 
Moreover, for à » 0 and all sufficiently great values of n, 
e? > 2B. Consequently 18, (0)| < e (ao € 5 or 


(2) &y+8 > bgla, 
n 

In case &,(0)— 09 for a particular value of m, of course 
log|s,(0)| does not exist. But, as the series (1) diverges 
when z — 0, there are an infinite number of values of n for 
which s,,(0) #0. In case s, (0) = 0, we write symbolically 
log|s, (0}| = ~% and understand (2) to hold symbolically 
in this case also. We immediately infer that 

superior limit log | x (0) 
n= n 


exists and that it is less than or equal to a. 





VALUES OF THE ABSCISSAS OF CONVERGENCE 163 
IL We assume g > L. 


Let 6 > 0 be given. Choose M so large that when n > M, 
A, > 0. 


If M = 1 is large enough, 


log |s,, (0) | à 
X siu 


n 


when x > df and s, (0) #0. Whether s, (0) — 0 or not, 


[ 8, (0) | < eO: 8). 


Moreover, when « Z 2, 


w w 

—A © T 
2. aye < = > (5i (0) — 84-24 (0)) ee 
niv 


»-—Uu 
w 
= È s, (0) (e) — sp (0) eT 4 sy (0) 0, 
w= 
Let w2v2 M+1. Then 


a "C > 
| D aT UHD a D oM (+3) (6719. mS 9) 


| 
In v ! n-y 


6 5 
Qeon g)- M9) y Ao (z+ g)- 0» 


1 w 5 ^u 
sy 6653) [ g 0*9 qu, 


mao “An 


ô à 
"n (z+ 3-9 gh (E+ 5) — Pus (L +8) 


LOS 5 5 è 
1 S AI p 2 ò 
Syd 2 f eG: RD dude 3g weg 
nay oe 
1 I sid xci nos 
=> e "2dw-e "24e ""2 
L8/, 
2 UE E AS xS xus 
paar URS 


which — 0 when v — oo and hence also t? —» co, establishing 
the theorem. [See Theorem 21.] 
M2 
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Corollary. Jn cass the abscissa of absolute convergence is 
positive, its value, b, is given by 


zu 


n 
log & |a,| 


b = superior limit 2 
"me" Ns 


Theorem 169. muYrormisEs: (i) As previously, a and b 
are respectively the abscissas of convergence and of absolwte 


; i 200 aou Og 0 $ . 
convergence of (1); (0) superior jimit —"— = | exists. CON- 
] no Ay 


CLUSION : b—a S L. 
PRroor: We shall proceed to prove that if (1) converges 
absolutely when z = 2, ib converges absolutely when 
g=atl+éd, à 0. 
We prove this by reference to Theorem 38 and the series 
= 1 


> ~ Tò 


n=l l+ 8/2 


which converges. In other words, we shall prove that 


148 
he Eott pita 


remains finite, whereupon the theorem will have been proved. 
1+6 


1468 
A, (2 BL ol zs 5 logn 
"" An (to tlt ) b+ 5/8 = 0,6 An (tg tl+8) 4745/8 e . 


Since logn < A, (t+ ?) for sufficiently great values of n 
by the hypothesis, 


14 
A, (ag tit+5) 1579 - to ti+s 6 
ay6 7" (aig Dy lt d/h < Qne Aa (xg lt ) qu ) An 


a SAn to 
= 6 — 0, 


due to the convergence of the series at à. 
Corollary 1. When X, =n, l= 0, a well-known result if 


the Dirichlet series is transformed into the power series by 
means of the substitution w = e™. i 


Corollary 2. In case A, = logn, L= 1. 
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$ 4, Uniqueness theorems. 
Theorem 170. HYPOTHESIS: 


(1) > ape T ™" = 0 


n=1 


Jor all values of @ 2 y. CONCLUSION: a = Gd, =... = 0. 


PROOF: Assume y= 0 in which again there is no loss of 
generality. (1) and hence 


(2) = gu e Ae 
n=l 
converges uniformly to zero over the positive half of the 
axis of reals. 
Suppose a, 0. Ifa fixed WV is chosen large enough, for 
all values of a = 0 




















< a 
Sae e aA, 
n=1 
z | Ja 
: X A 
that is dob M dao et S|, 
n=2 | 
x ü 
or | > diye TDA >|). 
"22 











But by taking a large enough each term of (2), and hence 
the sum of any finite number of terms, can be made as close 
to zero as desired. That is if æ is large enough, 


N 
> ae sn) ® 
1-2 
a contradiction. Henee u,=0. A repetition shows that 
a, = 0, and mathematical induction that a, = ^. 


Q. 
<| 


, 











Corollary. HYPOTHESIS: 


co oo 

i Aye —Aq* 
D aye o = b.e S 
anal 


n=l 
when æ Z y. CONCLUSION: a, = By, dg = b, es On =S Dpr ee 
An examination of the proof of this theorem shows that 
it will result in the following more general theorem. 





OO SS tt—~—~—“‘—OS 
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Thoorem 171. HYPOTHESIS : 


w 

—Ant 
2 a,€ = 0 
n=l 


for particular values of œ greater than any M whatsoever. 
CONCLUSION : Gy = Gg =e = üp =e = 0. 
The next theorem is an extension to the complex domain. 


Theorem 172. HYPOTHESES: (i) 


f@= Dae” 


converges when 2 = % = ay t yor: ii) M is any positive 
number; (iii) f(2)=0 at an infinite number of points, 
By = Ay tYnt mb 2, ..., in the region S defined by x Z o, 
wa, = Sys gl @-9) 1; (iv) w,—9. CON- 
CLUSION: Gy = My = = 0. 


proor: Let us assume tt) = @ = + — (4-17 0 but a, # 0. 
We proceed to show that for values of « > X (some constant) 
f). This will be a contradiction and the proof will 
be complete. 

We shall consider 


ao P wo 
—(A,— - =- Ag) Z 
(3) > Apne AnA as dy > yl (Anm Ag) 7 
wok make 
Due to the uniform convergence of the series there exists an JV, 
g 
such thab 
oo 
E ME la! 
| S aD] < C 


tga N41 


for all .’s of S simultaneously. Hence 


oo i I | N < la | 
| = qe Tm = | > ae o W^ t kl. 
\ | 


head in-kti 2 
Hold N fast. 
N N 
| 5 aye id < X \a, [en Gea 
faa k+) n=k+l 


Now we can take X so large that, when & > X, each term 
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in the right-hand member is less than iic Larl and 
N-h 2 


hence the right-hand member itself is less than Lew, Then 


5 agta] sia 


n=kt+l 





co 
> a,07 07 N0* 


n=k+1 


or | a, |— > 0. 








But, from (3), 
Sayre" 


nek 


> 0. 











oo 
E 
zlar = 2 Ane ADS 
3 n-krl i 


Factoring out |e- M*| = 0, we have 


si | 
| Sod PU so. 


In-k 


This is when æ > X. 


Corollary. For every Dirichlet series converging to a sum, 
f(z), not identically zero, an X can be found corresponding 
to amy M 0, such that, when 2» X and |y| S ef —1, 


fos 

The only reason that y was limited in Theorem 172 was 
that z be restricted to a region of uniform convergence. In 
the ease of an, absolutely convergent series the restriction 
on y is no longer necessary and we have the following 
theorem. 


oo 
Theorem 178. HYPOTHESES: (i) f@= > a,€ "^ con- 
S n=l 
verges absolutely when æ >b; Gi) JO EO CONCLUSION: 
There exists a number X euch that f (2) # when & Z X. 


$ 65. Multiplication of geries by the Dirichlet rule. 


In ehapter VII, section 2, we considered in some detail 
the multiplication of series. The method employed there 


can be described as the power series rule. If > aa” and 
n=0 








168 DIRICHLET SERIES 


UY b,a” are multiplied together formally, all terms of like 
n=0 
power in œ collected, and the resulting series denoted by 
$ eœ", reference will show that c, is the same as the c, of 
n=0 
that section 

It is now proposed to form a generalization of this rule 
based on Dirichlet series. We shall proceed at first in 
a purely formal manner. Let 


o 


a) f= Xa" and 
n=l 
(2) gl) = > b.e. 


4-1 


We assume that the A's are the same in each series. If this 
is not the ease. take all A's of both series and arrange in 
order of increasing magnitude. In case the same number 
occurs in both series it is taken but once, Designate these 
numbers in the order just determined as À,, M, .... In ease 
A; does not oceur in series (1) we insert the term with zero 
coefficient, &e. Any two series as (1) and (2) can then be 
written with the same sequence of A's and our assumption is 
justified. We proceed formally to multiply together these 
two series, collecting all coefficients of e to each occurring 


oo 
T =y g 
power. We have a series > eye Y, where 6, = abn 
yal 
where A;+Ay, =v, As in the case of power series we can 
consider only the series of coefficients, if we like, and speak 


of the Dirichlet product of 


(3) A= * ad, and 
n=l 
(4) B= 2 b, 
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according to the particular succession A,, Az, À;, ..., obtaining 
the result X, cp. 

n=l 


Theorem 174. HYPOTHESIS: (3) converges absolutely and 
(4) converges. CONCLUSION: Xap, converges to the value 
AB if ihe terms aby are arranged so that A „+ Àp does not 


decrease. 


2 n ^ 
PROOF: Let s, = È ap oy = Ly Ym, 7, — © |u, |, and 
n=l pat "zl 
S, = XaQ b, with à € v and n € v. 
S,— = ar (bit bat... + by tn, D) 
Isl 
We simply group all terms containing a, together, 

Now let any e > 0 be given. We shall show that there 
exists an M, such that when we have included the M? terms 
bml = 1, ..., M; m — 1, ..., Min S, the relation 

|S,-AB| < € 
holds; whereupon the proof will be complete. 

There exists a G such that both r, < G and |s,| « @ for 
all values of n. Now choose Jf so great that for all values 
of w >v >M, 


w ë 

(5) > lan] S 6G and 
n= 

(6) oe ce 
| "|^3G 
'movtl 


and in addition so that 
|$,0,— 4B | « 5 n > M. 
(See Theorems 13 and 21.) Next take n so much greater 
than £ — M that 
pnd Z i-12,..,£. 
S, = > LO (v, D» 


i-i 
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(7) S, =A T,= 2 a (ey, in, D =p) 


l=1 
[d n 
= Za oy His D— Tn) t > a (ey (a) Cp). 
l=1 l=¢+1 
From (5), (6), and (7 : 
EPA > | ay 


GU =E 


€ 
«3594 ? 0567 


e| to 


Hence 
[(S,— AB\S | Sy —Sn Gul +f 8 nF — AB | < ne + ace ER 
The following two theorems are corollaries, but due to their 


importance are given independent statement. 


Theorem 175. HYPOTHESES: (i) (3) converges absolutely; 


(ii) (4) converges ; (iil) Cn = TE aba. CONCLUSION: 
ApkÀg 7 Vn. 
oo 
> Ch = AB. 
n=l 
Theorem 176. HYPOTHESES: 


) A@®= = dup Mf 


converges absolutely when z = zg; 


(i) fe) = > he 


nal 


converges when z= Z, CONCLUSION: The product series 


= e,e ""^ converges at z = z, to Fi (Zo) «fe (2o). 


The next theorem is proved at this point primarily as 
a lemma for the theorem which is to follow. The notation 
employed will be a little different from anything previously 
used, but it is not believed that an explanation is necessary. 
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Theorem 177. HYPOTHESES: (i) (3) and (4) converge to A 


and B respectively ; (ii) ¢, = © abm; (ii) D e, — c(a). 


AptÀm —Yn mis 


"E S í 
CONCLUSION: lim à c(m) de exists and equals AB. 
#00 0 


PROOF: Let s(a) = 


guae m 


Apr S 5 


> a, and o(a) = > b,. Then 


Anir An Sa 


by =" T ay > bm > ao (2 — X). 


Aj$z-M — Am SÉ z-À A Sai 


If y < X,, let o (y) — 0, then c (2—Aj) = 0 when A; > 9—X. 
The last sum, consequently, can be extended to larger values 


of X, if desired, without changing its value. Integrating 
and letting w > 2A,, we have I 
NE a)dz = Js S ajo (@—r,) da 
2A 25 aiSz-Ma 
*—M 
= > a[ (v — Aj) da = > a | e (y) dy. 
yss- “A E ApES-M “M 
Moreover, 
som Ay z— 
| s (y) m (eg) dy =| [re-9Z íi 
^ ^ sy 
= > af o (wy) dy = > ü a (uw) du. 
Aj$Sz-A AjÉS-AM Ay 
Equating like values, 
v [^^ 2 
(8) [een Dem as. 
2A, JA 


We next write the identity 
s(y)e (s—y) 2 AB* (s(y) - A) Bt A (ra y)- 5) 
+ (8(y)—A) (¢ (ey) — 8). 
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From this 


rae — Ay s= 
[sq @— dy = AB(@e—2a) +B] G-A 


1 


+4 | — (e(o—9)— B) dg 


M 
Ey 
+| "@W)—4) (oy) —B) dy. 
` 
But as s(y) — À and c (y) — B, 
108 


A "(s(y)— A) dy > 0 as C—»20; 
qj 


1 feo 
| (o (c—y)—B)dy—->0 as «—; 
tJ. 
p c^ 
= (s(y)— A) (¢ (@—y)—B)dy—0 as *—9. 
€ Jy 

Henee " 


1 wae Ay 
lim | s(y)o(a—y) dy = AB. 


w—> O Ay 
From this, by (8), E 
lim | c(y) dy — AB. 
m arn, 


goo 


12M 
From this, since lim | c (y)dy = 0, 


eo 0 


: NE 
we have lim — | e(y)dy = AB. 
aro Č Jo 
Theorem 178. HYPOTHESES: (3), (4), and 
oo 
(9) Zw 
n=l 


where Cy = 2 Abm 
ALT Am = Yan 


converge to A, B, and C respectively. CONCLUSTON : C= AB. 


PROOF: By the previous theorem 


lim T (c (y)—€) dy = AB-C. 
0 


mo 
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Butc(y)— C asy — o». From which one readily shows that 


v 
i{ (c(y)-C)dy—0 as wo. 
9 


That is AB = C. 


As a corollary we have the following theorem. 


Theorem 178. HYPOTHESIS: 


oo 
P M? and * b, EE 


and their product series S Chi 


w= 
S. CONCLUSION: Over S 


»-1 


cT? converge over a region 


5 Ce Uto SE > aye ss = bae ls 


wal 


mee 


279-294, Find the abscissas of conver gence and of absolute 
convergence of each of the following series: 


Msg 


$ (= 1j, n? 


2 
DESI 


Ms 


(— Tu igne 


x 
u 


Mes 


1yt-le- log log n) z 
( ) ( ) , 


1 1 
Ben -(i ieri) 
e 2 3 n 


nol 


, 


= -£ 
4(21) 4(41) 
1—1-2-4-5— B-* 4 875 — 
ent ne ent nz 
sop ap * +s k 


eo eo 


3*3 3! 
T 2 +3 





> 2-9" > atq? 


n=l n=l 


XU [(— 1)" 4- (log n)-2] n-*, 


pate 1)?-1(2 2% — 1)7*, 


9-74 12-:— par 





e" nz 

* (31 (145 PT DM 
* (log 1)? n^*?, 
H=? 


È (= 1+ log m]. 
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295. On page 159 are found examples of Dirichlet series 
with various abscissas of convergence and of absolute con- 
vergence, Give other examples illustrative of each case 
illustrated there. Do not choose any of these examples from 
the preceding set of series. 


296. Multiply together the series 
ma Doa Si 
=f m—1 Ths 
Ecole zug 
by the Dirichlet series rule. Take successively A, = 2, log n, 
ni Draw conclusions as to the convergence of the product 
series. 


297. Multiply other series together by the Dirichlet series 
rule with A, of your own choosing. 


298, Prove the following theorem : 


oo ree A 1 it Fe ao ae n 
> Oye (log An) - ri], EC Q6 ^”) ds 


n=l wal 
for w > 0, if the series in question converge. 


999, A much-studied function known as the Riemann 
¢-function can be defined as follows: when æ > 1, 


(02 Zw 
nel 
and when w > 0, 


ü-2-946) 2 Z pte 
n=1 


Show the equivalence of these two definitions when «€ 7 1. 
Use the result of the previous exercise to express ((z) as an 
integral. Use each definition independently. 


300, Express at least two additional series from Exercises 
279-294 as integrals. 


eee ee 


CHAPTER XIII 


BINOMIAL COEFFICIENT SERIES 


Definition 36. A series of the type 


eo 


4 (z—1) (2—2) . (g—m) 


m: 


(1) 


nal 


is called a binomial coefficient series in z. 


Theorem 180. (i) Series (1) and 


(2) LX 
n=l 





n? 

converge and diverge at the same points with the possible 
exception of 1, 2,8, ...3 (ii) 4f (2) converges uniformly over 
a finite region Ñ, then so does (1); Gii) if (1) converges uni- 
formly over a finite region 8’, the points 1, 2, 3, ... being 
neither within nor on its boundary, then so does (2); (iv) of 
one series converges absolutely ab any point excepting possibly 
1, 2, 3, ..., 80 does the other. 


proor: Restrict z to S and assume (2) uniformly convergent 
over S. Let 


cc (— 1)" (g—1) (g—2)... (2—) 


* qn 


and a, — (—1)'c,m7^. Then 


(e—n—1) (1+ 3] 


b, bus = b, k + n+l 
aD D] 


-1 
Apply Taylors formula to ( + > and ( + iy assum- 


ing» 2 2, Then 
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b,— bası 


TE EEE) 


where B and a remain finite. Multiplying out, 


Y 
ba— bnn = On| % | , 
where y remains finito. Moreover, b, remains finite ; for, in 
case z = 1, 2, 3, ..., b, — 0, and in other cases 
—Z 
UTE, i 
Consequently $ |b —bn| converges uniformly over S. 
»-0 

See Theorem 113. Now apply Theorem 119 and woe have (ii) 
of the present theorem; (iii) can be proved in an exactly 
analogous manner; (ii) and (iii) together include (i); (iv) is 
a result of the fact that b, remains finite. See Theorem 38. 

Certain results previously obtained for ordinary Dirichlet 
series can now be immediately inferred for binomial coefficient 
series. See for example Theorems 164. 


EXERCISE 


301. Given that (1) converges when z= z,, prove that it 
converges uniformly over a sector defined by 


[am(z—2)| S m—à, 80. 


* See, for example, Pierpont, Functions of a Complex Variable, p. 298. 


CHAPTER XIV 


FACTORIAL SERIES 


Definition 37. A series of the type 


(1) * nid, 


(+1)... (2+) 
is called a factorial series. 


The a,’s are independent of z which may be any complex 
number whatever except 0, — 1, —2, ... 


Theorem 181. HYPOTHESIS: Series (1) converges when 
Z= Z,. CONCLUSION: It converges uniformly over the region 
defined by 


|em (z—2)| € o — m—ó, 890, 


from which neighbowrhoods of all points 0, —1, —2, ... 
which fall within it have been removed. 


PROOF: Denote the real part of z by R(z) and assume 
R(z,) > 0. There is no loss of generality in this. For if the 
contrary is true, suppose R(z,+k) > 0. Drop from con- 
sideration the first k terms of the series and factor 


NEM cm 
Z (241)... (E —1) 
from each term that remains. The removal of these terms 
and this factor will not affect uniform convergence over the 
region in question. Replace 2,+ by z. Make necessary 
changes in the coefficients. I 
Apply the following formula: 
" nal a 
J ur) 40) =u) | — S v4.1) 4a). 


v=o Sm v=m 


se27 N 
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By (Zp +1) «++ (Spt) 








Let u(y) =— 2(ztl)..(a+y) ’ 
Av(v) =—4, Zp Go + re (s v)" 
and v(v) = 2 Qn PRES] aoa 
Whereupon : 
(2) > PaE D. v) [B a n ne [ 


2 qu! 9: 
| 2 On 2, (2, l)e ra T > (2) 

n! Za (2a + 1)... (Y) . 
( i. "£g ue wry c eigerrr)) 


Let z = œ +yi and notice that 


[zo | < lata], s+n+l 
[z*un|^7 sn '|ztni1|7 





and that |z—z,| S (w—@,) sec. Take an 4 > 0 and choose 
m so large that 
| 


| * nl d ass 
| On z (2+ 1) «+ y+ 7) | 


v=m 


Then, from (2), 


I~ v! | | Zp (Zp +1) a+ (y+) 
9 Zw ^ Z(z4-1) ... (24- a= "| 2 (E41) (2m) 


^ 





Les (2-3). (s E 9) 
aoa mt &— a T 


v=m 


* Wo are here assuming, as is proved in a few lines, that 


29 (# +1)... (o +m) 
"ae l).. (Qoo m) 











remains finite. 


———3———— "I" 
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Next 
1o, (2, 4-1) ... (25 v)] 
9 (4 - 1) ... (2g v) 


= 2) Yo_ [ W ËM 
sff + [us " 1+ ew ) <M, 


a constant. Moreover, 
Zo (25 s 1). Cat Tm) 
| Z(z4 1).. (etm) 
[4 (y+ 1) +++ (Sq +m) | | „2o (æ+ 1). + (%q +m) 
Dom (ml Du NC + m) iz(z 1).. (et m) | 
Make these substitutions in (3). 








« M. 


v! 


= “ve (+1) e (zv) 





ay (ty + 1) vas (2p +9) 
< aA OKO (uU 
My e Myseea X FOr EF) 
= Sy (a, + 1) ee (o, m) 
= Mny + My sec w “e(@+l)... @F m) < Mny (1 +sec o), 
which can be made as small as desired by a proper choice 
of y. Uniform convergence follows. 


nie 
Theorem 182. 2 __ either (i) converges 


of GF 1) (e m) 
for all ‘sities of z oi 0, —1, —2, ..., or (ii) dàverges for 
all such values of z, or (iii) there ciala a line, w= x, such 
that when æ > æ and z #0, —1, —2, ..., the series converges, 
and when x < à, amd z 4E 0, —1, —2, ..., diverges. 

The possibilities (i) and (ii) are shown readily by letting 
by = (2) and (41)* respectively, and considering the re- 


sulting special series. (iii) is a result of Theorem 181 coupled 
with an example of a factorial series which converges ab one 
point and diverges at another as in the corresponding theorem 


* It can be proved that à product (1- ag) (1-7 a) ... (1c 45) remains finite 
o 


when n> œ if > t, converges, 


n=0 





t eS a E 
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for Dirichlet series. Such an example is 


oo 


e n! 
2 TD. vu 





n=0 
Le 
Here lim "| T. 1|=2-1, 
no Cu41 


where c, is the general term of the series. See Theorem 42. 

Factorial series have a theory closely paralleling that of 
Dirichlet series. ‘The similarity between Theorems 163 and 
181 is to be noted. As a matter of fact ordinary Dirichlet 
series can be exhibited as the limiting case of a class of series 
which have factorial series as a special case. Common 
properties of factorial series and ordinary Dirichlet series 
then appear simply as properties of series of the general 
type. A elass of series of this character will be studied in 
the next chapter, and, as a consequence, the study of factorial 
series is not carried farther at the present time. 


EXERCISES 


309. Prove that if (1) converges when z = 2,, it converges 
uniformly over the half-plane defined by R(z) z Ra) +8, 
8 > 0, from which half-plane neighbourhoods of those points 
0, — 1, —2, ... which lie in it have been removed. 


303. Prove the theorem. HYPOTHESIS: Series (1) converges 
absolutely when z — zy. CONCLUSION: It converges absolutely 
uniformly when R (2) 2 R (z). 


304. Factorial series can be generalized by replacing of 
series (1) by A4, where A, « X44, — o. Prove Theorem 181 
for this more general series. 


305. Replace a, of series (1) by a, (2). State and prove 
a theorem relative to the resulting series. 





CHAPTER XV 


GENERALIZED FACTORIAL SERIES 


Consider the scries 


(1) Š an AP (2), 


wel 

k Tink) T(e+bk) 
z¢h—-1P(z+nk) T (k) 
whenever z, k, and n have such values that this formula 
definesa number, Whenever, fora particular point (2,, ky, 1%), 
AÙ (z) is not defined by the formula but approaches a limit 
as (z, k, n) approaches (2p, ko, no) AÑ (e) is given at this 
point this limiting value, 





where AH (z) = 


Definition 38. Series of type (1) will be called generalized 
factorial series. 


Theorem 188. When k= 1, (1) reduces to the ordinary 
factorial series 


o 


success 
(2) D MEE eai 


aol 
Proof is a mere matter of substitution, remembering that 
I'(w)-—(n—1)t 
Before giving the next fundamental theorem we insert 
a lemma. 
Theorem 184 (Lemma). HYPOTHESIS: Ó » 0, |q2] 2 9, 
[9| £z 4, |am(q)| E v—8, jam(g-z)| S m—8. CONCLUSION : 
2 _ 52 T 
(3) PIG 142% HE”, 
T (9+2) 2q q 
where || < M (z) independent of q. 
TROOF: Consider the asymptotic * form for T (s), 


F(s) = go—Blogs—s+log VZT + o(s) 


* See, for example, Pierpont, Functions of a Complex Variable, p. 327. 
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where o (s) — a + AQ, ¢, being a constant and If, (8) | < 0» 
a constant; which asymptotic form is valid when |s|! Z € > 0 
and |am (s)| € n—* Substitute in the left-hand member 
of (3) 
qt T'(q) E (1 + E ~qlog (1+ pms s manie 
T(q+2) q 
Assume !q] >|e|+8 and expand 


(1 + D and log (1 + J 


as funetions of by the analogue for complex variables of 


the law of the mean * 
a 
ra 12 aT h' ai 
$69 t6 "gt gilt ^ 


wl) -alat 1i al ali ah 
le 1=[1+G Etats t4 


where |a, |, |a, |, la| are all less than M (independent of q). 
Multiplying out we have the desired formula. 
If |q| < |2|+ô, as all singularities are excluded, we simply | 


solve (3) for y. 1t is determinable as a finite function. | 
Theorem 185. When k—> oo, in such a way that 
| am (| € m— e; 


e > 0, (1) reduces to the ordinary Dirichlet series 


ao 
ys, 


4-1 v 
PROOF: We write 
; ko I(k)(uky D(z4k) 
k e E NE MIN s y 
(4) Aron =g k-i De+nk) Tikk 


Substitute from (3) and the theorem is immediate. 





We shall understand Ai? (z) = Z; and when the symbol 


* See, for example, W, F. Osgood, Lehrbuch der Funktionentheorie, voli, p. 816, 
2nd ed. 


H 
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A(P (z) is used and no restriction placed on k we shall under- 


stand A@)(z) = 2 to be included. 
n? 


oo 
Theorem 186. HYPOTHESES: (i) >> a, AS (z) converges ; 
n=l 


(ii) k #0, |am (k)| € m—e and |z+k+j| Z 6j = 0, 1, 2.o 


a 
c » 0, CONCLUSION: ©, a A® (z) converges. 
mal 
proor: Consider AW (2) n” as given by (4). Take so 

large, say greater than 7), that |a@m (nk+2)|< m—e, then 

(nk)? T (nk) -— 2—5s? ef vp (z, nk) 

T (nk+2) PETS mk C 
where || < M,, independent of » and k. Moreover, again 








by (3) PREN —>1 as k—> œ, and since all its singularities 


T (k) k? 
are excluded from the region in question and T (2+ k) > 6-0 
in this region, it remains finite and in absolute value greater 
than a fixed e. Consequently, when n > no, 
() — AP) mro e 1) + AD ae ae. 
where | fal |l, |J] < M, a constant, Tt can readily be shown 


1 i 
that AWE) is of the same form and consequently 
W (z 


AR @) JAP (e) 


1 1 s 3 
also, even if AQ*(z . Jf desired, any convenient 
n nË y 





definition ean be given to f;, f, and f, for values of n < 1, 
so that (5) will hold for all values of m. 
The theorem now follows by Theorems 26, 27, and 38. 


Corollary. A common line of convergence for (1), for all 
values of k considered, follows immediately. See Theorems 
164 and 182. 


o 
HYPOTHESIS: S, a A9 (z) converges 


nol 


Theorem 187. 





184 GENERALIZED FACTORIAL SERIES 
e 


absolutely. CONCLUSION : > a, AM (2), converges absolutely 


mol 
also, k restricted as in the previous theorem. 
Proof is as for the last theorem and is omitted. 


Corollary. A common line of absolute convergence for (1), 
for all values of k considered in the theorem, follows. 

We denote the common line of convergence by # = « and 
of absolute convergence by w = B. We know by Theorem 169 
that 8—x X 1. 

Theorem 188. HYPOTHESIS: Series (1) converges when 
zZ = Zo = yt Yt, L= kp CONCLUSION: (1) converges uni- 
formly in z and k over the region 8, defined by the following 


inequalities: |z| < M, \am (z—2,)| S F — ô, |am(k}| € m— ô, 
k>8, |e+k+j|>8. M and 8 ave amy positive constants, 


qs 
solongasó « 5,2 —0,1,2,.... 


PROOF: By formula (5) 


V - - 4 
= a, AP =f > apn? + fa > aum m ab 2 Apn f.m 


n 

n=1 n=1 n=l mal 

where Ifl, |J], |f| remain finite over S. We know from 
oo 


Theorem 163 that > an? converges uniformly over the 


nal 


region defined by |am (@—%)| S a —6. Of the series in the 


right-hand member the first is seen immediately to converge 
uniformly over S, since 7S, a, 077 does, and since f, remains 
finite. The second dios: ‘the same. To prove it apply 
Theorem 119, letting a, of that theorem be apn and bp, = L, 


Next, since |f, | « M, the last series is proved uniformly con- 


SM T 
vergent by comparison with > m (See Theorem 113.) 


DES 
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Since the series formed by adding like terms of three uni- 
formly convergent series is uniformly convergent, our theorem 
follows. 

If we give k a fixed real positive value we do not find it 
necessary to limit z to a finite domain. We have the follow- 
ing theorem which extends the domain of z to the right of 
the line of absolute convergence. We recall also the fact 
that the difference between the abscissas of absolute con- 
vergence and of convergence is at most 1. 


Theorem 189. HYPOTHESES: (i) Series (1) converges 
absolutely when z-—*, and k=k,>0 simultaneously ; 
(ii) R(z) =a, > 0. CONOLUSION: Series (1) converges ab- 
solutely and uniformly in z over the half plane x 2 x, from 
which fixed neighbourhoods of those points, — (ky— 1), — keg, 
— (li 1), ..., which occur in it, have been removed. 


PROOF: We begin by letting z = æ be real, positive, and at 


k, 
least as large as z,. Then ——-“—— decreases as w increases. 
ge as #o w+ky+1 


D(x +k) 





The same is true o Tzu) To prove this last statement, 
consider the infinite product * 
» 1+ Pi k—nk 
T'(w4 k) E eu, tak) II ae 2 
DT’ (w+ nk) atk x zdk 


1+ 





x 
v 4- m 
a 


When « 7 1, S E decreases as æ increases. This is readily 
iu 


proved by differentiation. The same is true of 


e+ nk 
N 
atk 
AU 
Hence, convergence of (1) is uniform and absolute when z is 
real and 2 a, (see Theorem 113). We can prove in like 





1+ 


* See, for example, Pierpont, Theory of Functions of a Complex Variable, 
p. 298. 
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TGel) 
T (z 4 uk) 
being held fixed. The theorem follows. 


decreases as |y] increases, « 7 0 








manner that 


EXERCISE 


306, In the proof of Theorem 189 it was assumed that 
R(z,) > 0. Prove this restriction unnecessary. 


CHAPTER XVI 


FOURIER SERIES 


$1. Definition. 

The topic of Fourier series is very briefly treated in this 
volume. The purpose is simply to give some of the funda- 
mental definitions and theorems with such brevity and 
simplicity as is possible. 

Throughout the chapter we shall deal only with real 
numbers. 


Definition 89, A series 
a o 
(1) z: + > (a,,cos na +b, sin na), 
n=l 
where 


(2) a, = Ly F(a) cosnada, bp = «| J (a) sin nz da, 


—T7 
is called a Fourier series. 
It is said to correspond to f (æ). 


The definition presupposes the existence of the integrals * 
defining the coefficients. It makes no assumption relative to 
convergence of the series. 

A transformation of variable æ = yx’ +8 will replace sin næ 
and cosnæ by sinn (yg'+8) and cosa (yg +ô) respectively, 
and the interval (—2, 7) by («, 8), where 


1 1 
X —— -(mr-ó) and B= —(r—8). 
A ) 8 y ) 
This does not essentially alter the character of the series. 


* Modern studies on Fourier sories usually use the Lebesgue definition of 
an integral. However, in order to make the chapter elementary and brief 
the Riemann definition is used in the subsequent discussion. This sacrifices 
much in generality. 

For an extended study consult such a book as The Theory of Functions of a 
Real Variable, by E. W. Hobson. 
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Definition 40. a,, and b,,, = 1,2, ..., are called the Fourier 
constants for f (æ). 

The following are examples of Fourier series, Tt is to be 
observed that no statement is made here relative to con- 
vergence, or in the case of convergence to the function 
represented. 

I. sing 4 4 sin 29-4 isin3e-.... 

—i(m4m) when « S 0, 

Hagia e i 

—4(xv— r) when %> 0. 


TI. 5 [sin 22e d sin 6o; 1 sin 102-4 ...]. 


1 when 7E o £—im0£Ze-e€im 
-1 when -im-«e«0,$m7«cv«m. 


Here, f (æ) = f 


IIT. [sina - ense d =sinda—.. | 








T 

[ses a when —TÉ9$«—35, 

| E 
Here, f (æ) = yos when 259233 

T 
| «- æ when 3 <%Sm™ 
2sinha[1 1 1 

pa sing + - eos 2 € 

IV. = tle Tee ys t+" 1425 








3 
— pa pgs i ae al: 


Here, f (z) 2 & when —7 « 2 S m. 

We observe the following theorems. 

Theorem 190. J/ « Fowrier series converges at every point 
of an interval of length 2m closed at one end, it converges 
everywhere und to a function with period 2m. 

Proof is immediate. 

Theorem 101. lf f(x) is am even function the correspond- 
ing Fourier series will contain only cosine terms, if it is an 
odd function, only sine terms. 

Proof is also immediate. 
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$ 2. Fundamental theoroms.* 


The Fourier series corresponding to many functions, f (a), 
converge to the value f(#). This is most important as the 
Fourier series is then a representation of the function in 
terms of elementary functions. Unfortunately the question 
as to when Fourier series converge and to what value is not 
easily answered. We proceed here to study the question for 
an important class of functions. 


Let 
T Soares 
n-l 
| f (a)d 
=| Sada 


+ $1 a f (o) cosuseosnadae Je sin a sin nada | 


cg 


=i] fe )da 4 - SED f (x) cos m (x — a) dax. 


7. zu 
We now assume the on formula, 


sin 2 (2 « 4- 1) 6 
4-605 0-tcon 2 84... + 08) = 5 nag , O00. 


This gives us 


_ 1 [" ,, sing (22+ 1) (e—a) 

S, œ) = 2 -f J0 (2) sing (e—a) dat 

Change the variable by letting a = #+2y and let 2n+1 =m. 
We have 


1 pacr—2) sin my 
Q — &e-il Lese P dy 
This is known as the Dirichlet integral, although the term is 
also applied to more general forms. We notice that this 
integral is extended over an interval of length m. For purposes 
of compactness in writing we proceed by making / (a), which 
until the present has been defined only over the interval 





* Theorem 217 of chap, XVII is just as fundamental as any theorem of 
this chapter. 


190 FOURIER SERIES 


(—m, 7), a periodic function with period 27. By this rule 
f(w+27) =f (w). IE fora particular value of w, f (x) is not 
defined, the same is to be true of f (v.c 27). For consistency, 
if necessary, we re-define f(— m) so that /(—7) =f (r). It 
results that f(e+2y) has the period in y. Since m is an 
odd integer, sinmy/siny has this period also. As a con- 
sequence, the value of the integral in (1) will not be affected 
if the limits of integration are changed, so long as the interval 
of integration remains of length z. Henee, replaeing f (2 4- 23) 
by F (y), wo write 
sin ay i 


1 fi" 
o soi ro e 





sin my 


sin my ] 
siny 


Hy lust l 
= -- t — — a 
L (y) vil (-9 eR 


! Before proceeding with Theorem 194 which is a funda- 
mental theorem we prove two lemmas. 


Theorem 192 (Lemme 1). HYPOTHESIS: 
T 


o<a<BPS5 





; sin my 
CONCLUSION : lim ——“dy = 0. 
mood d sin y 


PROOF: Since is a monotonic function over the in- 





sin y 


terval in question, by the second mean value theorem * 


B sin my d. es p p 

snm —.——| sinmydy + = | sinmy dy, 
a Siny snaja sinf Jy 

where a < y € fj. 


* If f(x) is bounded and monotonic and hence integrable over the interval 
(a, b), and if qr) is hounded and integrable over the same interval, 


D £ b 
fire gy widu = f(a + 2 9 (n) dz 4 (b -of g(a) dw, a SE Sb. 
a a t 


See, for example, Functions of & Real Variable, by E. W. Hobson, p. 362, 
1907 ed. 
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Perform the integration and we readily get 


(3) 


8 sin may f 2 
$ Y g: 4 
—— dyi < — (esca 4 esch c 
Í siny y ent c px CSCA, 


which approaches zero when m —> œ. 





Theorem 193 (Lemimu 2). HYPOTHESIS: 0 S & < B. CON- 
CLUSION : 


(4) 


independent of a and B. 


B. i 

sin v 
| 2n? da « K, 
a 








PROOF: Denote by ñ that integer such that 


dm S B «(ntlm. 


B a PT PEG s: 
sin æ sin æ sing 8 

dc | di ; sina | 
[ c WE wo uw de... + da. 








0 nT 
In case 8 < m, % = 0, and the last integral is the only one to 
appear. Let 8—-o. We get in the right-hand member 
a convergent infinite series (see Theorem 60). In other words 
"Bus 
lim | S das 
x 


Boe Jo 





exists. Consequently there exists a number, H, such that 


Beate 
| Sn d ec TH 
ü 


c 











always. Hence 

i riaan Bar : 
if" sina sing “sin a 
ef A de| = Í da— | 2 ty 
N a er wd 


P sinw * gj i 
«|f "s ds] || Se da, <2H=K. 
EU i 0 a | 





Theorem 194. HYPOTHESIS: F (y) is bounded amd does not 
decrease as y increases in the interval 0 < y< T. cox- 


CLUSION : 


n4 ; à 
S | Fly) sin muy dy = SF (+ 0). 


isa JO sin y 


—— M HON EIU OE PEL: 
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proor: The existence of (4-0) = lim F (y), y > 0, follows 
yd 


from the hypothesis (see Theorem 18). Moreover, 


[Fw n my dy 
0 








sin 3 
sin unmy q sin sin my 
srao f Say sin y ap POF OT in, siny i 
sin mj 
+ ro-ro E ay, 
] 


where yz is any number between 0 and z Let 


G(y) - LG) -F C0] a T 
Note that 


B 


[RY ay = -[ (1+2cos2y+...+2 cos 2 ny) dy = 


then apply the second mean value theorem to 
sin my 
ie [ro-ro dy 


and we have 


6 ro sin my y dy — T F(*0) 


sin y 
sin my 3 ; ? sin m; uj di 
- [rt siny dy EVO) (= sin y oy 


tsin my 


M 
mL G (y) — —- dy * [F (uy 0) — -rof iy dy 


+ [FG -9)-F (+9) Ner 


Now F( y) does not decrease as y increases from 0 to p, 





a increases, 0 « y S y, as is readily proved by differentia- 


tion. Hence G 9) does not decrease as y increases in the 
interval 0 « y € p and approaches a limit G (p—0) when 
y—> p from below. Consequently, again by the second mean 


value theorem, 
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p sin ma, sin my 
Penase | Sa 
"gin y 


- conf 





dy, 


where 0 S £ S p. 
Hence, by lemma 2, 


(6) AQ) Por dy| < KG (w). 


But » can be taken as close to zero as desired, in particular, 
inasmuch as G (y — 0) — 0 when y — 0, so close that 





|G(u—0)| < 
Moreover, by lemma 1, 
"h gin m 3 
| 1S MY 3 and sin sin my y, 
sin y a siny 


d 


H 
both approach zero when m —> œ. Take m, so large, that 
whenever m > ™,, 
sin my 


Ure 9l [t d 
Wo 2 sin my € 
T [7G 0) (+o) sin y a| ee 


sin my 
| Por deg 7 dy — ze9|««s 











Then, 





and our theorem is proved. 

This theorem holds for a function F (y) which is bounded 
and never increases; for apply it, as proved, to — F (y) 
which never decreases. 

If we apply the above theorem coupled with a similar 
result for the second integral in the third member of (2) and 
remember that F(y) =f(w+2y) we have the following 
theorem where f (#+0) = lim f (v), e z 0. 

X 


Theorem 195. HYPOTHESIS: f(æ) is bounded and mono- 
tonic over the interval (— m, m). CONCLUSION: The corre- 
sponding Fourier series, that is, series (1) of § 1, converges to 


&[f (o 0) - f («— 0]. 
o 


3627 
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Now any function of bounded variation on an interval can 
be represented as the sum of two bounded functions mono- 
tonic on that interval. This fact gives us the following more 
general theorem. 

Theorem 196. HYPOTHESIS: f(x) is of bounded variation 
on ihe interval (—m, m). CONCLUSION: Series (1) of $1 
converges to 4[f (w+ 0) +f (@— 0)]. 

Corollary. Under the hypothesis of the theorem, if 2 — T 
or —, (1) of $ 1 converges to 2[f(@r—0) +f (—7+0))]. 

To prove the corollary, as already explained, define f(«) at 
the end points and outside the interval (—7, m) so as to 
make it periodie with period 27. Then, on account of the 
periodie character of all functions that enter, the interval 
(—7, 7) can be replaced by any interval of length 27 with- 
out in any way affecting our work and the point z can be 
made an interior point. 

'The proof of Theorem 196 depended among other things 
upon the fact that 
lim f ro-ro] 


mop. 


sin my 
sin y 





dy = 0, 


: T : 
where p is any number so long as 0 «& p $ gj: This was 


proved by applying the second mean value theorem to the 
integral which in turn demanded the condition that F(y) be 
monotonic and hence that f(x) be of bounded variation. 
The integral in question can be proved } to approach 0, how- 
ever, by other methods which do not make this demand. 
If we grant this, remembering that p 2 0 is as small as 
desired, we have the following theorem. 

Theorem 197. HYPOTHESIS: There ewists « neighbourhood 
surrounding w in which f(x) is of bounded variation. CON- 
CLUSION: Series (1) of § 1 converges to $[f (w+ 0) +. f(&—0)]. 

We next remark without proof the following interesting 
facts relative to Fourier series. 

* See, for example, Hobson, Theory of Functions of a Real Variable, vol. ii, 


p. 708, ed. 1926. 
+ See, for example, Hobson, Theory of Functions of a Real Variable, p. 679, 


ed. 1907. 
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The condition ‘bounded variation’ that has been put on 
F(x) is sufficient but not necessary for convergence. 
There exist functions which are continuous at all points of 
| the interval —m Sæ Sr but whose corresponding Fourier 
sertes do not converge at all points. 


In other words, continuity is not a sufficient condition for 
convergence. 


| $ 8. Uniform convergence of Fourior series. 

Theorem 198. HYPOTHESIS: f (æ) is of bounded variation 
on any finite interval and is periodic with period 2m. CON- 
CLUSION: The corresponding Fourier series, that is series (1) 
y $ l A uniformly over any interval, I, which con- 
ains neither in its interior nor at an end point amy poi 

L . . 9 
discontinuity of f (x). : NOE 

PROOF: We shall consider c a variable. 

As a consequence of (6) of § 2 together with (3) and (6) of 


that section we have for any point cz of the interval, the 
relation i 


I rnit ay - gFG9|« Ka (o) 
4 y 4 T 
T Susa (u+0)—F(+0)]+ sin AF G —0)-F(+0)| 
4 
< KOH) + rg Flat H+ 0) 4 (5 = 0)—F(+0)]- 


From this inequality and the corresponding one for F(—y) 
we get 3 
|8, t2) - f(2)] « ese p (I 4. £). 
T mm 


Uf (o 2 a) — F6) | e Uf (— 2 n) f (2)1] 





4 es 
+ EHL ffet a)-f) +F e)s) 


K 
~ esep [If (0+2 p-f (e)l +F (2 p) - G2] 


< 


gfe 
most es 


where A is chosen independent of m such that |f(x)| <A. 
o2 
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Now since I is a closed interval, f(x) is uniformly con- 
tinuous* over I. Hence, given any e, there corresponds 
a p, > 0 such that when y < pi 


If (o 29) —f (| « &« 
and If (e—24)—f(9)| « $« 
for all z's of I simultaneously. Then, 


[Sq (2) —f(e)| < ae 


+ A se 
Er OMBRE Be 


K 
Let p, be so chosen that ZE ese p < K when p « pọ. We re- 
quire that p < pg, aud p « ps. Then, 
A 
[Sp (0) =f (0) | < eK + Ses e 


A 
Hold p fixed and take m so large that zh x ix We 


then have |S» (x)—f (a)|<«K <7 if e< » 
establishing the theorem. 


Corollary. HYPOTHESES: (i) f(x) is continuous over the 
intervals y Sw € m «and óZ voz —m,; (ii) f(r) =f (—7). 
conciuston: The corresponding Fowrier series converges 
uniformly over these intervals. 

If f(z) is of bounded variation the corresponding Fourier 
series, being a series of continuous functions, cannot converge 
uniformly over a neighbourhood including a point of dis- 
continuity of f(a). Let a, be such a point. The character 
of the function x 

8, (&) = D + > (a, cos nx +b, sin na) 
n=1 
in the neighbourhood of a, is of some interest. Consider the 
function, s, (a) —f(«), and let a, be the abscissa of its extreme 
value nearest to a. It has been found that when n>, 
a,—> a, but that s, (¢,)—f (æ) does not approach zero. 


* See, for example, Hobson, Theory of Functions of a Real Variable, p. 229, 
ed 1907. 
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Similar results hold for the second, third, &c., extreme values 
counting away from æ, This has been called the Gibbs 
phenomenon and has been studied in detail. No further 
discussion will be given here. Somewhat similar situations 
are common in the theory of non-uniformly convergent series 
and should be already familiar to the reader. ` 


$ 4. Differentiation and integration of Fourier series. 

We refer to Theorems 122 and 124 and Theorem 198 from 
which important results can be drawn immediately. How- 
ever, we proceed to some other general theorems. 

Theorem 199.  HYPOTHESES: (1) f(x) is continuous 
—a Sasa; (i) f(—7) =f (a); (iii) f’ (@) is bounded and 
integrable from —m to m. CONCLUSION: The Fourier series 
corresponding to f'(x) is obtained by term by term difer- 
entiation of the Fowrier series corresponding to f(x). 

Notice that no conclusion is drawn relative to the con- 
vergence of the Fourier series corresponding to f" (a). 

PRoor: Denote the Fourier constants for f(x) by a, and 
b, and for f’(z) by a, and ba Then, when n 2 1, by 
integration by parts we obtain aj, = nb, and b, — —na,. 


Also ytd 
at m LU()- fm) - 0. 
The theorem follows. 
Theorem 200. HYPOTHESES: (i) f(x) is integrable from 
B 
—n to 7; (ii) -wSa<PXa. CONCLUSION: | f (x) dæ 
a 
is represented by the convergent series obtained by term by 
term integration of the Fourier series corresponding to f (x). 
^a 
PROOF: Let ¢ («) = | f(a)da. $(#) is continuous and 
ae. 


of bounded variation. Hence, it can be represented by 
a Fourier series, 


(1) aj D, (af eos no 4 b], sin ma), 
nol 


which converges uniformly over any interval interior to 
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—r<a<m If 21, we readily find by integration by 
parts that 


1 1 1 
Py t 
a =— -b and b, — —b,— — aucos nmr. 
a qu ^ e a i qvo 


aj is determined by letting « = —7 in (1). Whereupon, 
~ 
gu, —  Meosnm = $[$ (7) 6 (0)] — à 
nol 


Moreover, when —7 «2$ «m, 


V /l 
> (z cos nr) sin nz =e. 
n=1 


The substitution of these values gives 


p(z) — kay (m9) + 2 : Len sin nz +b, (cos 4v m — eos na). 
n= i? 
This is the series obtained by term by term integration from 
—r tog., Ifa =m, term by term integration gives 
$ (m) = dm 

which is also given by this series. The theorem is now 
established by integrating from — to « and from — to B 
and subtracting. 


$ 5. Uniqueness theorem. 


Theorem 201 (Lemma). HYPOTHESIS: (i) F(x) is con- 
tinuous on the interval 


(1) TTTTI 
(ii) F (x+h) e )- F(»— à 0, 


4vhen h — 0, ai every point of (1). CONCLUSION: F(x) is 
linear over (1). 
PROOF: Let 
e—a 


$6) 2 x Írty- r9 - 5 r6) Felt 
T E (a— o) (v — B), 


where k > 0 is a constant. No matter which sign we choose 
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for (a) we see that ¢ (a) is continuous over (1). Moreover, 
we readily show that 
m $+- -2 p(w) + (w—h) 
i A 
Hence, at any point æ of (1) this expression is positive if h is 
sufficiently small. Now ¢ («) is continuous on (1) and hence * 
has a greatest value on (1). Suppose this at c, and suppose 
$(z) : 0. Then a, is neither & nor f, and for sufficiently 
small values of h 
$ (v, M) -3 9 (e) t (e, —h) € 0. 
This is contrary to what was shown above. Hence $ (v) X 0. 
In other words, ¢ (x) € 0 at all points of (1). This is true no 
matter which sign is taken preceding the expression defining 
(x). But k(@—a)(@@—8) can be made numerically as 
small as desired by taking Æ small enough. Consequently 


Fz)- F()^- 5-3 [P (8) P (9 — 


which establishes the Eo 


= 2k. 


Theorem 202, HYPOTHESIS: 


(2) 2 + $6 „ cos næ + B, sin nx) 


nol 


converges to zero at all points, CONCLUSION: 


OX =O =P, = = Py == 0. 
PROOF: Let 
QU x 
F (we) = 8v. *5 osa. Bt sina — cos 20 — Besin 20— u 


Consider 

F(w+h)—2 F(a) +F (a—h) 
(3) e ama, 
We can show that this approaches zero when A approaches 
zero. To do this, substitute, use the elementary addition 
formulas and show that (3), as a series in h, converges uni- 
formly when |h| « » « 1 and then let h— 0. Tt results 
that F(a) is linear; that is x, 0), By, X, 5, ... are all zero. 


* See, for example, Hobson, Theory of Functions of a Real Variable, p. 224, 
ve, 1907. 
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Corollary. If (2) converges at all points to the same values 
as does the Fourier series corresponding to f (a), then (2) ds 
the Fourier series corresponding to f (£). 


$ 6. The Fourier constants, 


Theorem 208. HYPOTHESIS: f(w) 4s defined at every point 
of —w Se S 7 and is of bounded variation on that interval. 
CONCLUSION : 


[E NI cosmada « es 


M 
< fide 
and "i 





T 
DE f f (9) sin ne de 
—mT 
where M is a constant. . 


PROOF: We can write f (c) =f, (x) +f, (a), where f, (w) and 
f, (x) are defined at all points of the interval and are mono- 
tonie. By the second mean value theorem, 


"T 
f, (a) cos næ dæ 


E 7" 
=f,(—m) | _cosne de +f, (n) |” cos nade 
-=r € 


Es 


-[A( -1)—-f( m]. 


1 


ii Ff, (2) cos na da| < 


Hence, 








and similarly | | fala) cos needs] < Us. 
-r 





M 7 

Let M= M,+M, and |a,| < an In like manner, 
M 

|o. « T. 
Corollary 1. a,,-> 0, b, — 0. 
Corollary 2. 


nol n=l 


Ifp>t, da? and > bP both converge. 


| 
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EXERCISES 


307-312. Obtain Fourier series which converge to each of 
the following functions at their points of continuity on the 
interval =m < @< 7: 


v, &* me, awe,  —ilat «gym qu(muw—w) 
LT. 1, -rSa0 € -TL0 
fei O0cmorEm' f9-i 0cco£É€m 


313-820. Establish the following relations, determining in 
each instance the points at which the use of the equality 
mark is justified. | 


wc sin na 
$ "as 
D i m FA i (m — «), 














n=1 

M COS 

2 n* = ł} (r-e) -h ns, 

nal 

S- 1p- ;Sin(2m—1)m m a 

A (2n—1)5 8 a 3 

*( isi d), 

aci 24—1 4" 

x tin(Pn—l)s Lom j 
= D 

iam (2%—1) 8 

Š cos 2 mna 

S mna 

> aa = (eet), 

n=l n 

wc sin 2c 

Da = Gata + bm) a, 

n=l 





321. Obtain Fourier series different from those obtained in 
Exercises 307-312 but which nevertheless represent the 
functions of those exercises over part of the interval, 
—m«m-«m. State the intervals in which the series repre- 
sents the function in each case. 





CHAPTER XVII 


SUMMATION OF DIVERGENT SERIES 


$ 1, General Discussion. 

In Chapter II an infinite series was defined as an unend- 
ing succession of terms as @,, a, @,, ..., and then it was 
pointed out that we write it with plus signs 

Gg d d, d- Q5 ..., 
P 
or the equivalent > «, in deference to custom. 
n=O 

Moreover, the series has been called convergent in case 

a certain limit, namely lim s,, exists, and we associate this 


20 
limit with the series by calling it its sum. Now there is no 
a priori reason why some other limit might not be associated 
with the series; and if we find one which arises naturally in 
mathematical operations, why this new limit may not be 
useful, be studied by means of the series, or in turn bring 
new light to bear on the series itself. This is a particularly 
interesting problem in ease the series is divergent, for here 
the sum, lim s,,, is non-existent. Moreover, there are ways 


"no 
to get s — lim &, for a convergent series apart from studying 


nao 


lim s, directly. For example, we learned in Theorem 80 that 


no 
Q0 Batts, 
lim --—~_—* = s, 
DET n+l 
Now an interesting thing is that for certain divergent series 
im Sates #8 
qo n+l 


exists. A classical and perhaps the simplest example is 


the series 1—1+1—141~—.... Here 
Q0 8g +8 1 
lim -————" = — 
ate n+l 2 
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and this seems a natural number to associate with the series, 
for: (i) the usual process of long division applied to us 


formally yields 1-a+a*—@'+.,,, as does development by 
Maclauren’s formula ; (ii) 
1 
lxx 
when |z| < 1, the series being convergent and the equality 
being used in the usual sense; (iii) when 0 < œ < 1 
1 


1 
‘ Lj 23. 23 = Vim =: Bee 
esti We) ae 


—1—gro?—a)-.., 





Definition 41, Given the series 


(1) ^ 0g) Qi very 


T Sait». +8 
where 8, — t... 644, iE lim a SLE oi 
n 


>o 


exists and equals 


S, (1) is said to be summable to S by the method of the 
Arithmetic Mean. 

Now there certainly seems no reason why still other 
methods may not be devised for associating a limit (sum) 
with a divergent series. Many such have been suggested 
and studied. We shall give a few, and make some comment 
and study of some of them. 


$2. The Hólder and Cesàro Definitions. 
The Hélder definition is : 


Definition 42. Let H® = s, defined in the ordinary way, 
n y y 


n 


> HY, 


de — 








Al 
i n 
H2... m Hw, 
n wet = a 
Q m= 3 pet St Ee 
1 -- NET N; 
mE 6 "rl o Real, 1 


Then lim HY = S=sum. 


nao 
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'The Cesàro definition is : 
sp 
Definition 48. Let Oi = po , T being an hie eS 0, and 
f rT (r+ 1), 
Sip — 8$, T8, E 1 8y-gt 


T(r--1 r+n—1 
kejep, 
n! 





and po = +1) (+2)... (m+n), 
"e a 


Then, lim Of 2 S = sum. 
We shall see * that this definition gives the same value to 
Cf? as the following perhaps more natural one, 


ny 


2 Cn = 
( ) (w+1).. deg x Sy, 

Definition 44. In case CY) approaches a limit S, the series 
is said to be summable (Cesdro) of order v to S. Im case 
HP — S the series is said to be summable (Holder) of order v 
to S. 

Theorem 204. 

Din=1474" ex) d BEES. ate. 
21 n! 
and SOD = SP) + SE 4... + SM. 

Proof is elementary by mathematical induction or in any 
of a variety of ways and is not given here. [See § 6.] 

The denominator in Cf? then appears as the sum of the 
coefficients in the numerator. 

We observe that both the Cesiro and Holder definitions 
are generalizations of the arithmetic mean. The similarity 
of formulas (1) and (2) is obvious. The resemblance can 
immediately be carried further. We see that 





CP — wl (m) s, 4- ... HUP (N) 8p 
and that HY) equals an expression in the same form. We 


* See formula (7) below from which this follows, 
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observe, moreover, that either Hi? or C(? can be written in ` 
the form v® (n)a-...- vf? (n)a,. We shall pursue the 
subject along the lines of these ways of writing the partial 
sum later (§ 13). For the present we shall make a somewhat 
detailed study of these two methods of summation from the 
definitions first given. 


Definition 45. A method of summation will be called 
regular if it sums a convergent series to the usual sum. That 
is, if S is the sum oblained for a convergent series by the 
method in question, S = lim sp, where s, has the usual signi- 

7t — 00 


ficamce. 


There are many places where this property of a method of 
summation is valuable, particularly in matters of analytic 
continuation, where it is desired to extend the domain of 
a function defined by a convergent series beyond the region 
of convergence. Regularity is usually imposed as a necessary 
condition on a method of summation before the method is 
considered worthy of study. 


Thoorem 205. The Holder method of summation is regular. 


proor: Refer to Theorem 80 and repeat the proof given 
there x times, that is, use mathematical induction. 

A proof of the regularity of the Cesàro definition from 
formula (2) is simple but is not given inasmuch as it will 
appear that the regularity follows from that of the Hélder 
definition. 


Definition 46. Two methods of summation will be said to 
be equivalent if every series summable by the one method is 
also summable by the other and to the same value. 


Theorem 206. Vhe Holder and Cesdro methods of summa- 
tion are equivalent. 


pnoor: Let Hí? and C(? have the same meaning as pre- 
viously.* We readily show that 


* Definitions 42 and 48, 
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ji T j* (n—k4- 135, n 
(8) Of = a, ec Sr C TNT n 
THN (r+n-h).. NC ePi 2n 2 gun Xa te 
ds T. (0!) s 5 
“Pr (r+) pU, = ae 1 > em. 

and then verify that CU? satisfies Wl P ticos 
(4) (n 4 1) C017 m OU *P — (r4 1) 0, j^ 

: . i for ——. C^ in each sum of (9) its value 
which may be written Su Dabititgs or Ql 2 P TER (°) 
(5) A (nC } +7007) = (r $1) C2 or from (6). Take for xs 

n n 
(8) (n1) Cp» er € Og — (e 1) S op. (10) Mn San 7 E > Cp 
ned 


n=O n=0 


By solving (4) we get the following. 


= ky 2 Ore —— 2 Qu e 








1 uu Pi ad 
(7) cya Laiki: ice +n) gn = z 
n (v 4-2) .. “0 ee n! 
a = ke = L T eren 
(r1)! * (n4 1).. n+?) gp, ein 
= s " n 
(PEY MEEI 1.2... Auct Žim 71 = Qn, 
7 d "rl + 


We shall now establish by mathematical induction the 


fundamental formula, Mni, Mr 
Tl rl 
have an expression of the same form as (8) but with r re- 


placed by r+1. As HP = OQ, proof of the formula follows 


by induction. 
We next prove by mathematical induction the general 


formula 


(41) GP 


We notice that =k, We then notice that we 


icc Retiro de ae 
a H 


1 = E Es 
Itn mee Qo 
big vim A sag 


TED, dem. pe 





n=0 


n 


Eo. 


3 





i0 neo 2. Qr (n r—1l) 
= hO HO L h- x — ——— H^ 
where Iso MP TEM (m+ “i oo i NEL LUI 
Assume (8), then i j 
1 n i ai Ap 1432 7 H * tp c i a 
(9) Ag+) = ot > A = MP i= em (n4 1).. PI). (ar) s (r—2)! 
n=0 n= 
RO (n+1 Hg, 
ep EI Sop Hen. re, 2. eom 
nt wei 
Ms Rew where h(-- AQ ur... ADI 








208 SUMMATION OF DIVERGENT SERIES 


To prove this formula, substitute in (7) and then make the 
substitution 


(12) > (ot). (mtr 3) n 














Wow o. 47S 
_ (mt 1).. QiET-1) 1 E 
(r—2)! | "nl. > Hy 
e (nl). eee = 01 X a 
XU aum 
— (r- yere we D gem 
—(r—2) > Dt =?) pyr, 


n=0 
and similarly for other sums. To prove (12), &., sum by 
parts using the formula 


= w(n) Av (n) = w(n) (nl — E v (n+ 1) Au (n). 
n=0 n=0 

Notice that the coefficients add to unity and then by mathe- 

matical induction formula (11) is proved. 

The conclusions of the theorem are readily drawn from 
equations (8) and (11). Consider first that C®@ —>s. Then 
each sum in (8) approaches s; and hence, 

AY (AP +.. Hk) S = 8. 

The proof that each sum approaches s is simply a repetition 
of the arithmetic mean theorem number 80. Next suppose 
that HP —>s. Let HP =s+8, where §—>0. Suppose 
[6| « G always and let e > 0 be a given constant. Sup- 
pose that when n > N, j ô| < e. Then any sum as 

O Det © * (n 1)... (n--r—2) 

(n 1) (mtr) 2) (r—2)! 
by actual EC HE also 

1.2. Sox 01). (n r- 2) 
roe 2—- c0 


$-—58 











: 1,2, (W+I) i. (ntr—2) . 
Ori). S >> (r—2)1 iv 


IA 


n=0 n=0 
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1g Qi > xem. (07-2) | 


(n 4 1)... De (r— 2)! 








n=N n= 





1.2...7 * - un e (n r--2) 


Sp — TEHA 
7 (n1)... (nv) —2)! 
Tt follows that 


1.2. pets (nr= 2) pin 
(n 4-1)... 132 X —2)! ERE oH 





Ee =E 
n=0 n=0 (r 





This is a representative term and proof of the theorem is 
complete, 

The exact values of the coefficients L0, P, ..., ef were 
not necessary to the proof of the theorem. However, the 
following difference equation which results from the manner 
of their formation (see equation (10)) allows us to solve for 
as many of them as bia 


(13) kpu-—— i^ to SEU Y. 
We notice for iu Vu 
1 
AO) 00; AOS, ee = 


Rewrite (13) as 
A, (r1 KP) m r (r) y 


or letting r! kP =j we have 


r—l 


j= D rj. 
r=0 


Similarly the coefficients & satisfy the following difference 

equation : 
Ag (r1) MP— (r— 2) 9. 

$ 3. Summation by the Hólder-Cesàro method. 

Theorem 207. mnvPOTHESIS: Hj?—»s. CONCLUSION: 

Hirt)», 

PROOF: This theorem follows from Definition 42 and 

Theorem 80. 


3627 P 
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Theorem 208. nyPoTHESIS: Cs, CONCLUSION: 
Qt — s, 
Proof follows from Theorems 206 and 207. An independent 


proof could readily be given, however, by means of formula 
(7) of section 2. 


Definition 47. A series is said to be r-fold indeterminate 
if OP formed for it approaches a limit but CL) does not. 

It is frequently said to be summable C™ in case Cj? 
approaches a limit. 

Theorem 209, A necessary condition, for any particular 


i we 1 
series, that OY) —> a limit, is that x Of-D_> 0. 


PRooF: From equation (4) of section 2, 
i) .9* gm =f. TR 1 (r-1) 
Cn nt? i = (s D n Own. 
Supposing that C(? approaches a limit, the left-hand member 


approaches zero, and approaches T. The theorem 





mn 
"TT 
follows. 


o0 
Theorem 210. A necessary condition that © a, be 


n=0 
ie 8 
summable CO is that ae? 0. 
PROOF: We write 
l Qn aeo DUI ca (r-1)» 1 Qu-2, 
n nt+r-1l o w^" myr—=l n?” 


The left-hand member approaches zero, hence og 79 does 
n 


also. We continue in like manner writing the difference 
equation between Cf? and Cf^79, &c., arriving at the result 
of the theorem, 


w% 
Corollary, A necessary condition that > a, be swummable 
nad 


OO ds that. C. o. 
nr 
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Gy Sn Sut 


m, nw m 


PROOF: — 0. 


The last two theorems could be even more simply proved 
for Hí? by means of the relation 


(n4 1) Hn n His? — Hp. 


s 


c 
Theorem 211. HYPOTHESIS: > a, de sunvmable C to s. 
‘, n=0 
CONCLUSION: > a, is swmimable C® to s— dy. 
n=l 
Proof is easy, particularly from the Hilder formula and is 
omitted. 


§ 4, Multiplication of series. 


Theorem 212. HYPOTHESES: (i) >a, is Cesdro sum- 


w=0 


mable of order k to A; (ii) © b, of order Lto B; Gü) 


n=0 


n 
Cy = a,b, ab, eap, = Oy Ona 
€ a=0 
CONCLUSION: 7 e, 4s summable of order k+1+1 to AB. 
w= 0 
n Lx 
proor: Let AD = $.. D wm 


nmn=0 m = 9 


n Tua m nja 
B= Z... D mn and P= X e 2X om 
n=0 m=0 m=0 nj=0 
Then, 
(1) Qin c AU BQ a AP, BP + Alo BO, 


To prove this we proceed in a manner similar to that under 
Theorem 82. 
n " 2 
OP) = Soy = ay Bote tbu) = D te Ba. 
n=0 a=0 a=0 


P2 
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This is the same form as c, with 6,_, replaced by BY ,. 


n-a 
From symmetry we also can write 


n 
° (0) 
n-a OF = bya Be . 
a=0 


OO = S b AO 


We repeat this process, obtaining first 


CD = SAMBO, 
a=0 

and finally arriving a (1). 

We now assume that 

k! i! 

me Aq es (D 

(m 1) .. ty a angl mr. ° 
[See (2) of $2 of this chapter] To accomplish this we 
replace a) by & =%—A and b, by b,=b,—B. [See 
Theorem 211.] We now write (1) as follows and use a (—) 
indicating the presence of &, and 5,. 

















(2) aye = ID e ERI 
[gru ero (n4 1). up) n (BP) 
+= at oo C (n 1) EU 1) Ap.) 

e 3; E) 


Kl gay (+1). (wl) l! po ]. 
+gb ck (oom CET ILU 


Take n > M which is chosen so large that when n > : 


k! 
(n+1) 1y.. (n4 K) 


d 
arj arj” 


are both less than ô > 0, and suppose each of them less than 
g always. Then, 


Aj 


and 
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! 
(c 1 1)! pem x (br Le 1) 








(n1) ... (ne Lr 1) * 7 (n1)... (na ka l4 1) 


8g), py lle tts (+8) (Lm Qv)... (i k—1)- 2.3 

(b+l+1)! 

E 2 

(n 1 [Qs 1) -. e (na k)n[ 1)... 00] 
(n1)... (eU 1) 


tt. Q1) 0] « 


< 86, 





where S is a constant since 


(w+1)[(w+1)... (n+k)][(w4+1)... (n+)]_,, 
POP NU 





But S8 « e (preassigned) if à <$ =, hence Üf*'*0...0. Now 
replace à, by «t4 and b, by bot A in (2). 


(Erbe) 0 r++ 
(n1). (mtktl+1) ” 





is increased by AB for e, is increased by AB to which if we 
apply the operator 


Rett 


(k+l+1)! : 
(n4 1).. EFT) > > 


"pua ml 


we get AB, The operator is distributive. Hence 


(h+l+1)! (k+i+D 
(n+1)...(ath+b+1) 7 





(e+b+4)! Otr 4 AB— AB. 
= (n+1)... (m+k+l+1) 4 





This completes the proof. 


$5. The boundary value condition. 


We introduce at this point a lemma for which we shall 
find occasion for immediate as well as not infrequent sub- 
sequent use. 
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Theorem 213 (Lemma). (i) lim s, = 8; 
a > 
n> 


HYPOTHESES: 

m a 

p^ al) 

ii at "-0 s 

(ii) UP) > 0, p real; (iii) ine ——— = 0, n being any fixed 
“Sap 


n=0 


positive integer. The fraction is, of course, defined for all 
values of p in question, 


> aj 8, 
li n=0 —u p 
lim 522—— lim &,— 
> ap 
n=O 
Let D, = S,— 8. We shall show that D, — 0. 
'l'hen, 


È (8, — 8) at? 4- Si 


CONCLUSION : 


PROOF: 
Let $, = $- €. 
aO 
En n 
im n=m+l 
D, = ————. 
= at? 
n 
Next indieate by g,, à positive debat such that g,, 2 | ¢; |, 
4= 0,1, 2,...,m. Whereupon oe 
nm 9o 
Qi j 
Za 2 | e, | a? 
n=0 n= mto 
(p) 
Sy Sup 


n=0 


|D| S (gu 18) ^ 


Now, let an ¢€ >0 be given and choose m so large that 
We then have 


len|<¢ when n >m. 
m 


09; oo 
> | €n | ap < [| 2 aly — > ap) 
n=O 12-0 





a= msl 
From which 
m 
2 ay) b ap 
(Dp! < (Onti) E — +e] 1— |e, 
È p Sap 
n=0 DEI 


whieh is arbitrarily small. Hence D, — 0. 
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o 


Many divergent series as Ta, whieh are summable by 
1 


methods in common use are such that the corresponding 


power series 

eX a," 
n= 
has a radius of convergence Gradi to 1 
Definition 47. If for all such series where a particular 
method of summation gives the value s, lim* f (æ) = s the 
æ—=>l—0 

method of summation in question is said to obey the boundary 


value condition. 
m 214, The Cesàro method of summation obeys the 





Theore 
boundary value condition. 
proor: Lets, of the lemma be rot section 2. Put 
1 
ea ea ls 
p 
(0 « æ < x) p increases 


so that when æ varies from « to 1 
Also take 


indefinitely from 1-2 
i 1\" 
ap) = DP(1- 5) 

The expression S, of the lemma then becomes 


1 m 
a - 2) ES 


p= —— 

= po (1 = 2) = Dan 
(—a) "t9 5 S o 

H D y, 


ü =æ) (1) e 


* 1— 0 means that the approach is from below with xw real 


§ See (6) and (4) of § 6 below. 
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e 
so that lim S= lim 5 aa”, 
p~roo #410) 9 


Confine p to integral values greater than one. Hypothesis 


(iii) of the lemma is now satisfied since 
; m i» E 1 7 oo E 1 fj 
AE m6 DR o- n 
(r+1)/, 1! (v 4 1) (7 4- 2) IA 
tp (ting) e ae 


21 
Feeds 14 eH =>) PEN — 3) tees 


21 


where the numerator is to (m+ 1) terms only. This limit is 
zero since the denominator has a meaning for all p > 1 but 
becomes infinite with p while the numerator remains finite. 
Apply the lemma and the theorem is proved. 


$ 6. Testing particular series. 


In this section we shall treat briefly the question of testing 
individual series for summability by the Cesàro method. 


We develop a number of useful identities and prove two 
theorems. 


By definition 


. Sf 
(1) s = lim zip; where 
DESI DY 
; T (r1 
(2 BP =s, trst a Broa = 


T("41)...(r = 
pitt Datir 
n! 
and- 


(3) pp = C+D (+2)... (rn), 
gs n! 





Now when |a| <1 


(P+ 1) 2 


(4) (1—2)* — 1 Tg 4- m 
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Multiply by 9, s,2^ and we have 


n=0 
oo I: 
> Sat = (1e) È spar. 
n=0 a=0 
Next, 
oo oo 
(5) D sa = erai...) > ae” 
aad DEI 


by multiplication and hence 


[3 4 @ 


(6) D pæ = (1-2) E aat. 
n=0 n=0 
Increase r by 1 and we have 
eo oo 
(7) > Syren = (1a) D apa. 
LX n=0 


From (6) and (7) 


() setter = 0-22 E spas 


4-0 n=0 


=(ltate%+...) X, Spar, 
n=0 


so long as |x| < 1. Equating coefficients 
(9) Serv = SM +... 4.9" and consequently 
Di? = Df) +... + Dp 
since Di — Sf? with s, replaced by 1, Proofs for formulas 


(9) by mathematieal induction had already been suggested. 
From the definition of s 


S m sD + En DD where En —> 0. 
We then write Si? = sD! +p, and 


eo 


(10) > Sear = s D Do a + p (a). 


n=O n=0 


From which by (6) and (4), when |[«| <1 


(11) (1—2)-€*2 SS aa” = 8(1—a) "49 + p (a). 


n=O 
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Theorem 215. HYPOTHESIS: (11) holds, where 


p (a) = > p," and Da» 
n=0 a ` 
CONCLUSION: The series >, a, is ut most r-fold indeterminate. 
n=O 

proor: Retrace steps. Go from (11) to (10). Then equate 
coeflicients and get Si = sD0)+p,, where by hypothesis 
p "E 
pin —0. From this pin — s. 

Theorem 216. Relation (11) includes 


(12) (1—a) "+D * G42? — s (1—2) C*D-4 B (a) (1—g)7* 
and acd 
(43) (1—a)-(*5 * apa” = 8 (1—8) C+D 4 R (æ) (1—a?)7" 
where P and R, toe polyamide 

PROOF: Suppose that there are p terms in F (æ) and that 
M is the largest of the absolute values of the coefficients. 


The coefficient of œè in R (æ) (1 — æ)" 
= Ri Tam DOM 
i MED) WHT) 5 
n! 


\ 


is in absolute value less than. Mp.DU-" and the quotient of 


, . Myr 
this by Dt? 1 
y i 18 y + n 





which approaches zero as n —> œ. 


Similar reasoning applies to (13). 

Formulas (12) and (13) are frequently useful in testing 
series for summability. 

The following examples will clarify the whole situation :— 

Ex. 1l. 1—1-1— 1 t... is simply indeterminate. 

Ex, 2. 1-2+8-—4+... is two-fold indeterminate, 

Ex. 3. 1—2?4+3%—4?+... is at most three-fold inde- 
terminate. To prove this we write 

1— 2? e+ 32a? a+... = (L—a@) (1 +a) 
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Hence (1— æ) (1— 22w + 3*2? — 4a? ,,.) — (1-27) 5, 
which satisfies (13) giving us s = 0. 
n(n) _ rlr+ 1) (r2) 


4. 1— 
Ex. 4 r+ 21 31 


is a& most r-fold indeterminate giving $ — 5, 88 18 readily 


proved by (13) if we remember that for this series 


T ean = (14a). 
n=O 
Ex, 5. The theorem on multiplication (Theorem 212) may 
be useful thus 
(1—141—1-4..)(1-243—4-...) 21—-346—10-... 


is surely at most four-fold indeterminate. It has the sum i. 


$ 7. Uniform summability. 


wo 


Definition 48. >, u,(v) where w, (a) is defined over a 
n=l 


set 1, is said to be uniformly swmmable over I to S in case 
CM +8 uniformly over 1. 

A pursuit of this idea would simply carry us to a study of 
uniformly convergent sequences. The sequence could, if we 
like, be written as a series and the proofs of Chapter IX be 
applied. Such a treatment would involve repetition and 
will not be made. 


§ 8. Fourier series. 
One of the most interesting applications of the Cesàro 

(Holder) method of summation is in the theory of Fourier 

series as is witnessed by Theorem 217. his theorem forms 

a natural completion to Theorem 196. Before proving it, 

however, we prove two lemmas. 

? sin? ad 


E 1. A di mu 
PRAE [ sin” t ^3 
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PROOF ene _ t+sin 3¢ i 
* Car coHnfrsn +...48in(2%—1)¢ 


when t Æ kr and 


lim sin? nt _ z 
(2r. Bind = lim (sin tegini .Fsin (2n — 1) t) 2 0. 


sin (2 V—1)t 
sint 


But = 1+2cos2t+...+2cos2(V—i)}t 


when tka and the limits are equal when t->kr, We 
substitute, integrate, and get the desired result. 


Lemma 2. HYPOTHESIS: ¢(é) is integrable from 0 to 5 
and lim $ (f 2 0. CONCLUSION : A 9 (t) = ar di — 0. 
10 


PROOF. Let an e » 0 be given and choose ó « 2 such 


that |$ (£)| « 5 when 0 « £« 6. Then, using lemma 1, 








2p sin” nt e 2 (^sin?ad € 
1 il ac e a = Za 
(1) az] 60 sin*t n| 72 "rj, sin*t gps 2 
Moreover if M2 $ (f) 
2) | 2 feo sin® nt a| 2M r 1 € 
nT ja ae Sow «d ned 3 


2M : 
when n > esin? 3° The lemma is proved by combining (1) 
and (2). 


Theorem 217. HYPOTHESES: (i) f(w) is integrable —mr 
tom; (ii) 
lim à &[f(v,4-2t)-f(m,—21)] 5 s. 


CONCLUSION: The Fowrier series fov f(w) 4s summable, Ci, at 
æ tos 
o 00 8. 


PROOF: We already know 


sin (2 « 4- 1)£ 


sint dh 


sale) = anasan] 
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Consequently o,_) = 8) +8, +... +8_-4 








2 sin? nt 
-? luteo sem ra 
By lemma 1, 
2 [? sin? 
s = — | Sn gy, 
De},  Sin*f 
Hence, 
d S rf (ay 2 0 f (m, — 2 0) sin? nt 
84-3—8 — =| [ 2 i s| sin? ¢ Quern 


by lemma 2, completing the proof. 


$ 9. Borel’s first definition. 

The Cesàro and Holder methods of summation can be 
described as methods of the arithmetic mean, since they are 
both natural generalizations of the simple arithmetic mean 
method. In this section we shall give a very brief discussion 
of a method of summation due to Borel.* : 


Definition 49. We define as sum of the series 


(1) 2 d 


n=O 
s = lime “s (a) 
0, —00 
Ss 
where s(o) = > nmin and « is real. 


n=0 
We assume that this series is convergent for all values of x. 
The definition would, of course, be meaningless for a series 
for which this is not true. 

This definition seems less natural than those of the arith- 
metic mean although if displayed in the following form it 
will appear somewhat similar to the Cesàro method 

a? 3 
845,2 1 tem +554: 
s = lim ————_,;, er 
On A 


a+-o 
1+ = St ta te 


We prove the following theorem. 


* Legons sur les séries divergentes, chap. ii. 
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Theorem 218. The method given by definition 49 is regular. 
That is, in case of a convergent series it gives the usual sum. 
To prove this theorem we have recourse to Theorem 213 
(lemma). Let p =a 2 0 range over the real numbers and let 
an = a” . 

i n! 


od 
Sj 808, 3 Te. 


Then 8, = — —— uo e*s (a). 
1+a+ 21 T. 
» P 
Moreover lim e-* — = 
qne, n=O el 


Hence the lemma yields the desired result. 
This definition also satisfies the boundary value condition 
but proof will not be given here. 


$ 10. Borel's integral definition.* 
Definition 50. Given an infinite series 


(1) Su. 
»—0 
a g? ; 
Let a(x) = utet dai tag] tee where x is real, 


Then, | €? « (x) de will be called the sum of the series, pro- 
0 
vided that the integral exists. 


We shall make a somewhat more extended study of this 
method than of the last. The term summable will apply in 


this section to this definition only and the notation S ay, 
n=l 
will at times be used in a manner quite parallel to the way 


in which we have been using > a,, When matters of con- 
wal 
vergence were involved. 


* Legons sur les séries divergentes, p. 98. 
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Theorem 219. The method of Definition 50 is regular. 
(See Definition 44.) 


PROOF: We assume (1) convergent with the sum s. Note 
first that &, — 0. Hence by Theorem 218 of the last section 
we have 
(2) lim e-Pa (p) = lim a, = 0. 

po nc 
Using the notation of that section again, by means of 
lim e-Ps (p) = 8 
pro 


together with [e7?s (p)]j-s — «,, we write 


8— t = I = [e"s (x)] da. 


0 


d Qa; m 
But, © fer*s(a)] = e ^[ (9) 75 0], 
a 
where s (x) 2 5c $0 535 bee 
Moreover, 


x? 
a! (ox) = s' (x) - s (x) = dyt aA + ta gg b eee 
From these, s—t =| e* a! (x) da. 


a x 
Integrating by parts and making use of (2) we arrive at 
| ea (x) dx =s 
9 
as was desired. 


a oc 
Theorem 220, HYPOTHESIS: S Gy, and S Gy both exist 
n=0 n=l 


and equal s amd s respectively. CONCLUSION: 8 = S +a 
^ @ gy 
PROOF: 8! = n e* a! (x) d», where a’ («) = d; (x). We 
make the assumption that a (w) is convergent for all values 
of a, as we have been doing. Term by term differentiation 
is justified by Theorem 143. Integrate the expression for 


s’ by parts. 
s' — lim [e^ a (0)] — a 4 s. 
bow 
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Hence as s and s^ both exist lim [e~ a (b)] exists. Moreover, 
bow 


lim eè a (b) = 0 otherwise the integral s would not converge. 


baw 


Consequently, we have s—s’ = a,. 


Theorem 221. HYPOTHESIS: s’ of the lust theorem exists 
CONCLUSION: s also exists. 


x 
PROOF: Let y zil e-*a(a)da, where æ is a real variable. 
0 


d; 
Then E =y =a (v). Integrating by parts, 


€ c 
(3) I e 7a’ (a) da =| e%a(a)dat+y’—a, 
e 0 
— gy —a,— s. 
We write 1 =y—(a)+s’) and shall prove 7->0. Let 


ba d f: Z 
v= di Then n+ = y—(@,+8')+y' — 0 by (3). Let 
n +n =f (8). 
Then f(z)—-0. Let an ¢ > 0 be given and choose M so 
that |f(æ)| < e when æ > M. 
By the formula for the solution of a linear differential 


equation of the first order, 
nae? D "ef (o) dec] 
1 
v 
From this Inis es] €" |f (x) | de -- e-* | e| 
1 


w 
< en eda+e*|e| when æ > M. 
1 


Hence, |n| S ee* (e&?—6) Fe *|c| 
SetKet<8 


if e< : and z is so large that, Ke * « A By definition 
x 
= “a (a) da—(ay +8’). 
0 
v 
Hence, lim | ea (ax) da = a+’, 


LAOS 


completing the proof. 
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Corollary. Any fixed number of terms may be prefixed to 
a summuble series and the series will remain summable and 
the sums will be related as if the series were convergent. 

The converse of the last theorem and corollary is not true 
as is attested by the following example. Let a (x) = e* sine”. 
Develop by Maclauren’s formula, drop the a’s and we have 
the series to be summed, The exact form of this series does 
not concern us. 

s= f sin eda = í SN dy 

ü 1-42 d 
= Etay prat ay t NL shy 
d^ 2M. T y 2r Y 
which is a series with terms alternating in sign and after the 
first each less than the preceding and approaching zero. 
The series converges. 


f= li (= + cos y) dy 


1 


a May + | cos y dy. 
1 Y 1 


The first integral converges. The second does not. Hence 


s’ does not exist. 
Two very easy theorems will now be stated without proof. 





P E O. 
Theorem 222. S (atb) = S nt N bn 
n=l 


wal E n=l 


oo a 
Theorem 223. S Cap =C S [^ 


nal n=l 
The following simple examples may serve to clarify the 
situation :— ` 
Ex. l. 1—1+1—1+.. 


€? ^ a ; 
a(a)=1-a+ > + = 67%, 


Pod 


Í ea (x) dæ =| erdu = $. 


0 9 


3827 Q 
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Ex.2, 1-¢+?—-@+... 
s 1 
i cni. 
Í e *a (a) do — laf 
Ex, 3, 1—-2+3-—4+5-... 
a (æ) = e* (1—2), 
f € *a (x) dæ = $. 
0 
$11. Absolutely summable series. 
The method of summation in this section is throughout 
the method of Definition 50 as in the last section. 


Definition 51. A series 

(1) dotat agt. 
is called. absolutely summable if the integrals 

oo ' Qo 

f ev a(x) dae and f e7? | a®™ (æ) | dæ, 

0 0 
where X — 0, 1, .,., represents un index of differentiation, 
all exist. 


Theorem 224. HYPOTHESIS: Series (1) is absolutely swm- 
w 
mable, CONCLUSION : S a, is also, p = 0, and their sums 


n=p 
are related as if the series were convergent. 


PRoor: The theorem is an immediate consequence of the 
fact that a’ (x) is c (w) for the series formed by removing 
the first term of (1), and of Theorem 220. 


o0 
Theorem 225. HYPOTHESIS: Y a, is absolutely sunvmable. 
n=1 


oo 
CONCLUSION : S a, is absolutely swnvmable also. 
n=O 


PRoor: We must prove that the existence of 


[ e” |a (a) |da 


implies the existence of 


f €^? |a (a) | da. 
0 
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Let $(a) siras | [4 @ae| - la (2) a, |. 


Hence ja(a)} S $ (2) *- | a, |. 
Hence Í e * |a (2) | da 

0 
converges if [ e? o (x) dæ 

0 


does. We infer the convergence of this last from that of 
f € * d (a) da 

by the arguments under Theorem 221. But the convergence of 
^ € * |a' (a) | dx 

implies the UM 
| e * ' (ax) dæ 


Meri p (æ) — |« (a) l. This together with 221 completes the 
proo 


An example of a series summable but not absolutely 
summable is where 


1 
a (a) = AG (cosæ+ising)—1]. 
[ € *g (a) da exists. 
9 


But e&—1l 





Hexe — 'e*teto|dez [17 do m. 
Ü 


Theorem 226. HYPOTHESIS: Series (1) is absolutely con- 
vergent. CONCLUSION: It is absolutely summable. 


oo 


PROOF: >, |a,,| is convergent and hence 
n=l 


00 STEN eo 
[92- $ ja 


9 c A41 


Q2 








228 SUMMATION OF DIVERGENT SERIES 


eo 


converges where v (æ) is built from © |an] just as æ (x) is 
n=O 


built from (1). But |a€9 (z) | € v9 (a). 


Hence co o 
[ e*|at (2) | de € f eat (a) da; 
0 0 


and consequently it converges. 


§ 12. Uniform summability. 
As in the last several sections we again confine our attention 
to Definition 50. 


eo 


Definition 52. (S w, (x) will be called wniformly swm- 


n=l 


mable for amy set I of values of x if Ji a, (x) e * da converges 
0 


uniformly over I to a value U (æ), that is, if given any e > 0, 
an X ean be so chosen that when v z X, 


[ ea, (x) dz — U (a) | «€ 





for every « of I simultaneously. «,(z) bears the same 
familiar relation of Definition 50 to the series in question 
that « (x) bears to (1). 


Theorem 227. HYPOTHESIS: w, (x) is continuous at all 


points of a continuum I, and S un(a) is uniformly sum- 
n=1 

mable to U(x) over I. cowoLusioN: ÜU (x) és continuous 

over I. 


PROOF: Consider any particular point o. 
| Í e ?a, (a) dæ— f e?a,. (2) do | 
0 9 


x 





F € *a, (a) ds- f" € ?a, (a) de + | i, e-*a, (a) da 


+ iG. ea, (x) dal «t 


if X is so chosen that cach of the last two integrals is in 
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absolute value <$ for æ 2 X and a is taken so close to 
a, that 2 
x x | € 
| e-*a, (2) da- | e *a, (a) de | <3 
0 0 


The last is a well-known property of integrals between finite 
limits, namely that they are continuous in a parameter in 
which their integrands are continuous. With this assumption 
the theorem is complete. 





$13. Power series. 

Perhaps the most interesting application of Borel’s second 
definition of summation is in the theory of power series. 
We shall give three fundamental theorems in this theory, 
in spite of the fact that the proofs which we give use more 
of the theory of functions of a complex variable than has 
previously been the case. 

The method of summation of the section is at all times 
that of Definition 50. 

Let there be given a power series with finite radius of 
convergence, R > 0, 

(1) Uy td Zt det... = $ (2). 

Suppose the funetion $(z) thus defined to be analytieally 
continued until it is defined as an analytic function over as 
much of the complex plane as is possible. 

If Definition 50 will sum (1) over a continuously two- 
dimensional region of which the circle of convergence is 
a part, this sum function will be $ (z). 

Theorem 228. HYPOTHESIS: (1) is æbsolutely summable 
al M. cowcLustoN : (1) is absolutely swmmable over the line 
segment OM drawn from the origin to M. 

Proor: Instead of the a (x) of Definition 50 we write 

2g Bas 
a (x, 2) — aya t t aT Tu Tee 
We notice that this is a function of the product ex. Con- 


sequently we write 
a (a, 2) = F (a2). 
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We usually shall denote differentiation by a superseript. 


Let M — B= poe and let a point on OM, neither O nor 
M, bez — pé^, We wish to prove 





(2) [ e^a(x,z)da ^ and 
0 T 
on A 
(3) | d d eu 
i qg 2 da, A-—0,1,2,... 
existent. We shall treat the second integral first. 
A 


do^ 


Make this substitution and drop from consideration the z^ as 
being of no interest to the discussion. We have 


LE 
(4) f e7* | FO (az) | d 


0 


a(a,2) = 2 FO (az) da. 


= | et FO apeh) da 
bd es 
-L [° h FO (82%) ]ag. 
Povo 
The path of integration remains the axis of reals, At a fixed 
point z on OM we have 


co yqe 2f i 
| ero (az) |da == | e | FO (Be) | a8. 


This is the integral of a real positive function; and since 
0 < p < py, it converges by comparison with (4). 
We now examine (2). 


ao "Q0 B 
| e" F(xz)da — 1j e^ ^ F(Bei dg 
Do Ja 


0 


converges. Multiply the integrand by the factor 


which is positive and monotonically approaches zero when 
B+. We still have a convergent integral *; that is, 


* Readily proved by integration by parts. 
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1 us. 8 2 oo 
zf e »F(Bé*^)ag =| e* F(az)da 
0 0 


converges. 

Hence according to the definition (1) is absolutely summable 
atz. It is also absolutely summable at the origin and our 
theorem is proved. 

Thoorem 229, Retain the notation and hypotheses of the 
last theorem. CONCLUSION: ¢ (2) is analytic at all points 
which are interior to or on the circle, c, drawn on OM as 
diameter. 


PROOF; Ásin the last proof, 


co e ..B ; 
| e^? F (up, d^) da — 1f e PoF (Be) de. 
0 PoJo ] 


B B 
Multiply the integrand by Pres Sa The integral will 
I 


E 
n 








continue to converge if —> 0 monotonically when 


B—>æ. Consequently, 


9 B i 
(5) >| e * F(Be%) dB 


0 


B B 

exists if a G9) x nG79). 
This is true when and only when 2 + 0 lies in or one, We 
now recall that $ is given by this formula along the line 0M. 
The formula, however, represents an analytie funetion over 
all the circle except the origin, and hence can be identified 
with $ over this region. Hence $ is analytic at each point 
2’, of the region. We know it to be analytic at the origin. 

It is to be noticed that (5) is not the formula for the 
summation of (1) at ¢ and that we have proved nothing as 
to the summability of (1) at 2’. 


Theorem 280. lf a line is drawn from the origin to each 
singular point of p and thut portion of the plane bounded 
by perpendiculars to these lines at the singular points and 
including the origin is denoted by S; then (1) is absolutely 
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summable within S to a function analytic at each point 
within S. Tt is not absolutely summable at any point out- 
side Ñ. 

S may be an open region, It is called the polygon of 
summability. 

It is to be noticed that the theorem makes no mention of 
points on the boundary of S. 

PROOF: Consider a point M. Let O be the origin and 
draw a circle, c, on OM as diameter. We shall show that, if 
(1) has no singular point within or on c, (1) is absolutely 
summable at M. g 

Let c be a circle with the same centre as c but radius 
greater by « > 0 but so small that $ (x) has no singular 
point within or on c. Let the line OM cut ¢’ in O’ and W, 
O’ next to O and W next to M. 

By Cauchy’s integral theorem* and Theorem 145, 


$(v)des — 
aaa e 
1 ag ag 
Moreover, (a) [; te thaw | 


converges uniformly in # over the circumference c’. Hence; 
aza 2a" 





a (ot, 2) = to + 


1 21 
=| eos + + Sate Jac. 
Sahe Lue un 
From this, 
e^ a(a, 2) — imi lees $6), “Go i 


Choose so that, so long as 2 is on c/, |——— | « K. Then 








aR NE 
le-ta (a, 2)| < £ e C ) az. 
2 Jc 


* See, for example, W. F. Osgood, Lehrbuch der Funktionentheorie, S. 984, 
ed. 1912, 
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Suppose z so chosen that RE - 1) >e and let + be the 


radius of e, Then 
|e*a (o, 2) | « Erre. 


oo 
Hence i e“a(x,z)da exists. 
0 
In an analogous manner we can prove the existence of 
| €" |a'9 (c, z)|do, X90, 1, 2, .... 
0 


Consequently, (1) is absolutely summable when 


R(i-2)- €. 


But e is arbitrarily small and hence (1) is absolutely summable 
at z if n(£) « 1 for all values of @ on ce’. This condition 
* 


is satisfied for a particular s by all points on the same side 
of the line drawn through v perpendicular to Ox as the origin 
and by no others. If œ assumes all positions on c these 
lines envelope an ellipse with foci at O and M. Consequently 
(1) is absolutely summable at all points within this ellipse. 
If there were but one singular point and corresponding 
perpendicular, 7, every point on the same side of J as the 
origin would lie in the ellipse for some circles e and c. 
It follows immediately that (1) is absolutely summable 
within S. 

To show that (1) is not absolutely summable outside S, 
that is at a point, M, which is separated from the origin by 
one of the lines, /, which bound S, we notice that if we draw 
the line OM and construct a circle on it as diameter, this 
circle will include the singular point of ¢ which determines 
the line 2. This contradicts Theorem 229 and completes the 
proof of the present theorem, 


$14. Riesz means. 
We shall consider a series, 


e 


(1) È ale), 


nel 
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and a sequence, À; 0 such that 


| EB 


FES! Aj 


Ai 

Let Op = > C 
n 

Moreover let = 24 


dg 
£D ( Su — s (2 
sf 2 ^2 x so (z), 


n 


1 
(ke-1) 
ZS Ht” ©). 


on 4-1 ^" 


(3) si) (2) = 


Definition 53. 
fov series (1). 


We call si? (z) the Riesz mean of order k 
If hm sj? (z) emisis amd. equals s (z) we say 
RAO 


that the series is Réesz summable of order k and has the 
sum s (z). 

The term summable in this section will refer to Riesz 
summability. 

The M method is a special case of the Riesz method 
with A, = 


Theorem 281. HYPOTHESIS: Series (1) is uniformly sum- 
mable of order k—1 to s(z) over a set, I. CONCLUSION: (1) és 
uniformly summable of order k over I to s(z). 

PROOF: Let si) (z) = s(z)+o%-) (2). Substitute in (2) 
and we observe that it is sufficient to prove the theorem in 
the case that s(z) = 0. We make this assumption. 

Let « > 0 be given. Choose N so large that 


| (@) |< de 


when n > N for all 2’s of J simultaneously. We write 


n 


N 
1 1 jus 
z s 47er XE x 7» (9). 


Ry=N+1 C" 


F 1 
st? (z) = E 
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Choose M so that for all values of z and n 
l gi-n (2) < y. 
di 
The, — [|&P(2)|S d +he<e if |o,|> aE 





EN 
Corollary. Definition 53 is regular. 
This is readily proved by mathematical induction. 


eo 


Theorem 282. HYPOTHESIS: >, @, is swmaable to s. 
nol 
k—1 
CONCLUSION : * a, 1s summable tos — > dy. 
nok LE! 


Proof is elementary and is omitted. 

Riesz summability is especially applicable to Dirichlet 
series. 

We now consider the Dirichlet series 


oo 
(3) up a, 
n=l 
where A, is real and A, < 444—500. 
À,, of Definition 53. 


This A, is to be the 


Theorem 283. HYPOTHESIS: i a is Riesz-summable 


of order k at z = zy = wy MÀ and ? -—. .[, CONCLUSION: 


n 
(3) is uniformly summable of order k throughout the region, 
R, defined by x Z æ+8 and |z| < M. 


PROOF: As in the proof of Theorem 163, we assume, with- 
out loss of generality, that zp = 0. We shall likewise assume 
à > 0. If this is not the case but à, > 0, discard from con- 
sideration the first k— 1 terms of the series and divide through 
by e ^t3, 

The proof of the theorem involves some transformations 
brought about by summation by parts; the formula for 
which is, 

. . * PEL LS 
à) Z«üaew-wQv]" - Sw 


1-1 1-1 


t+1) Au (a), 
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The significance of the 4 is dv(i) 2 v(64-1)—v(). We 
earry out these transformations in detail for the cases that 
k — 0, 1, and 2, in order that the reader may readily under- 
stand what is being done. 

Let s(z) 2 T epe 3* and b,(z) 2 e ^-", We then 


wal 


write s? (z =S ¢,6, (2) and apply formula (4). We get 


n=1 


(5) 8h) (2) = Bn an (2) 810 (0) — > [4b,, (2)] si (0). 


Apply the operator $ > = to both members of (5). 


PELO 
Sum by parts again. We get, 


(6) sp (e) = Pn 4s (2) 8h? (0) — — D [45,44 E] ansi (0) 


Cry at 


-4 $ epa op o d) 


a c An 





n ] a 
Toc 
s EAE 40,46, 9)] e, PO) 
n-l nal 


To get a formula for s$ (z) we apply the operator 


Dl 
on, Wa, 1 An 
to (6) and sum by parts precisely as we have just done. We 


get the following: 


(T) 8? (2) = bars 2) si?) (0) 


ae 3 4S [Ab 49 (2)] ons? (0) 


[^J 
LE Anne 1 


-i2 Bast [Abuya (e (2)] ex iSi? (0) 


Gn, IY 
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+ ~ > L = X [4 Qu (Abn 41 (2)) c,)] m, (0) 





TH = An 
1 R 1 1 n 
Ga ` x [4 (Angi (Abry (2)) onp) lans (0) 
Sea cep Me A a 


1 11 sa 
d C n z x n Quai (Ab, (2)) 2) 7443)] c, 8i? (0) 





Notice that formula (5 ) expresses s() (z) in terms of sf? (0), 
that (6) expresses sf!) (2) in terms of si) (0) and (7) s? (z) in 
terms of s(0). We repeat the process that we have just 
gone through with, repeatedly applying the operator 


1d 


À 


Try an 
and summing by parts. We thus express s% (z) in terms of 
si (0). We call this formula (8), although we do not write 
it out. 

We shall carry the work forward from this point for si (2) 
as given by (6) leaving to the reader the task of assuring 
himself of its generality as applied to (8). 

We first assume that s?) (0) —»0. This is brought about, 
if necessary, by replacing s® (0) by s-F pf? (0. Now let e» 0 
be given and let V be so large that | s{! (0)| < « when > W. 
Take n > N. It results that 


1 


proles (ons? (0) 





fl 








= X^ Mn i b, (z)] 0,85 (0) 


4-1 


x > a. Ab, ( ons| 


nol Anyai 
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1 n 
teflon Olt E abn Olon 
"4-21 


n 


I1waA, 


iow ae 
T c. = À > [AN Ab, (2) | On l. 
Naml Haet 
Since for a particular € JV is fixed and sinee o,,—>2 the 
theorem will be proved if we prove that the expression in 
the brace is always less than some constant. Consider cach 
summand, for example the last. By Taylor’s formula 
2 
4X, 4b, 6) 7 AQ) e7 m [I ee], 
n 
where A (An) £ 0 and A, e, (2) — 0 uniformly over R. Con- 
sequently if z is the real part of z, for sufficiently great 
values of n 
| AA, Ab, (2)! 
[42, d, (2) | < M (constant) 
for all 2’s of R simultaneously. It results that the expression 
in the brace bears a ratio that remains finite to the same 
expression with 2 replaced by its real part æ. In this the 
absolute value signs ean be dropped.if the proper algebraic 


sign is used each time. Consequently we can replace the 
expression in the brace by 








1 n 
Mb. 0)— 7- 2; (40,0) o, 
0421 


1 Ay, 
T E a ER (45, ,, («)) 9, 
An 


Tris, 1 


I~ is 
is S AX, Ab, (a l. 
Tn 2 An > ( n n ( )) Onf 

The expression in the brace here is s{ (w) for the series for 
which s (0) = 1, that is 1+0+0+0+.... By Theorem 231 
this remains finite which is what we wished to prove. 
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As a corollary to this theorem we have the following 
theorem. 


Theorem 234. HYPOTHESIS: (3) ¢s Riesz-summable of order 


A ; ie 
k at z and =>], CONCLUSION: (3) is Riesz-summable 


n 
of order k over the half-plane defined by æ > R (zo) " 


The theory of summability of Dirichlet series could now 
be carried forward in a manner analogous to the way in 
which the theory of convergence of Dirichlet series was 
developed in Chapter XII. This is not done although several 
specific theorems are suggested in the exercises at the end of 
this chapter. 

Summation by Riesz means is frequently treated in a way 
quite different * from what has just been done. There is 
a different definition which we give below as Definition 54. 
After the definition and a brief diseussion we pass on to the 
next section. 


Definition 54. Let d,, be a sequence of positive real mono- 
tonically increasing numbers becoming infinite when n— co. 


Let C, (7) = 2 «,€ ^"? where the summation is extended to 
all values of Ap such that N, < T and let 


E= D (oA) ae ™ = K f C, (7) (o—7)*-. dr. 
AQ xo 


If ce FO (o) — s as oo we define s as the sum of the 
series "S, ae ^. 
wail 

This definition is in a way a generalization of the Holder 
(Cesiro) sum. To show this let o be an integer, A, =” 
and K=1 

pal stet. +s 
o EOE (o) = 0 $ (o-n) aperi = +E 
nol 





wW 


* Complies Rendus, t. 149, p. 910; also The General Theory of Dirichlet Series, by 
G. H. Hardy and M. Riesz, &c. 
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If K is an integer greater than unity we have 


Ko* fe C, (7) (o— DE! dr 


zp o) Ls u 
— y aal C, (n) dr, ... dr, 
rec OTe, =0 "n-9 


as is readily proved by integration by parts. Notice that 
when is an integer C, (7) — s, and the resemblance of this to 
w ng Ny 
Kio” > Don I ow 
nx = Ong 14 =9 n = 0 

is apparent. This last is a form of Cesàro mean that is not 
infrequently given. Compare it with (7) of section 2. For 
a continuous variable r the above form is not an unnatural 
generalization as is the passage from % to X. 


$156. Other methods of summation. 
A generalization of Borel’s integral definition is * 


Definition 55. 8s= fi e^" w, (a) da, 
0 


p = fixed integer Z 0, where 
wp (x) = (do + esa) à 
x 
+ (Gy + ses + Oxy i) CE (ug ee pci) 31 Tee 


e 
Definition] 56. 8 = f €^ U, (a) do, 
0 


p = fixed integer 2. 1, and 
GÀ a, o P 


Ty (0) = Zap 


n=0 


Definition{ 57. s=limy, where 
NAO 


; * (n—1)! œi)" 


mE 2 m- m 


k=1 
* Borel, Legons, p. 129. 


+ Le Roy, Ann, de la Fac, des Sci, de Toulouse, 1902, p. 217. 
+ Hausdorff, Math, Zeitschrift, B. 9, S. 86. 





OTHER METHODS OF SUMMATION 241 
Definition * 58. 


_ & Pn -it+1 
s = lim > a Oo<t<l. 


tole 


Definition} 69. s = lim > dye, 
ih auci 

where t varies on T a point set having a limiting point t not 
belonging to the set. X, 4s a sequence of monotonically 
increasing positive real numbers becoming infinite. 

Still other definitions of the sum of a series have been 
given and studied. An exhaustive study here is out of the 
question. 


$16. Further general discussion. 
Several of the definitions of sum that have been given can 
be ineluded under the following definition. 


Definition 60. A series, > a,,, will be said to be summed 
n=0 
to s by a method of infinite reference in case s = lim t, where 


n=O 


T e 
tL, = > Cn, koko 
k=0 


Cnap 8 & set of numbers characteristic of the method of 
summation in question. 


Definition 61. The series will be said to be summed to s 
by a method of finite reference in case s = limt, where 


nwo 


oo 
ta = 2 Cn, k 8k» 
k=0 


En, p 4S above but cp, y = 0 when k > ad Cyn FO 

It will be observed that the latter definition is a special 
ease of the former. ‘The definition is warranted, however, 
since it includes important methods as that of Cesàro. The 
term infinite reference can be justified as distinguishing the 


general ease from the important special case. 
* Le Roy, Ann, de la Fac, des Sci. de Toulouse, 
+ Hardy and Chapman, Quart, Journ, vol. 42, p. 198. 
3627 R 
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Theorem 2835. A necessary and sufficient condition that 
a definition by finite reference be regular is 


a) > lm cp, p = 0 for every ke, 
n0 


" 


(2) lim = Cn, k7 1, 


WO 7g 


(3) > [6,, | € M. (independent of n). ; 
k-0 
PROOF: We shall first prove the condition necessary. 
Select a particular b. Consider that series for which s; = 1, 
and s; = 0 when ¿Æ k. This must be summed to the value 
zero. This means that t, must approach zero. But 


bn = Cm, o S0 t ee E Cn, k8p t ee Fn, Sn = Cn, be 
Hence, cp, p —> 0. 


Next consider the series for which s, =1. For this series 
t= On, o T Cg, 1 F ee POr n? 
and hence (Gp, oF Cn 1+ e tOn n) > 1 


The third part of the condition is somewhat more difficult 
to arrive at. We assume that the contrary is the case, 
namely that for a certain set of c; j* which define a regular 
definition, 

4,= len ol tec [£u «| — € 


We shall set up a sequence s,, approaching 0, but nevertheless 
such that for a certain sequence of values of n, tp, formed 


with this set of Ci, j S becomes infinite. Let & > 1 be fixed. 


Choose n, so that Ap, >”. If c, (25 0 put 


8, 


v «X 


= Llen,id. $ 
ni È 


E70, 1459510; 


and if Cai 


1 1 
;= 0 put s=: Then £, — x 4n >a. Next 
choose n, > 7, 80 that 
leno] te # [enn |< and A, > at+ 207, 


935 


simultaneously. ‘lo do this choose, first, 7% so great that for 
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. a 
it and all greater values of n each term |c, j| < n. whenever 
1 


jm, Then as is possible by the hypothesis choose m; > f 
so that A, » aft 20° Then when 4 — n, 1, ..., 1 pub 
lbid 

T 6i 

1 

if Cy, FO and s; — x when 05, i7 O- Then 


n 


= > [ET 


i=0 


dig | na 


c z > 
E | ah Cn, iSi 


i20 i=m+l 








Noy ibi 





1 lw 
gem od > leni! 
i=0 


M 


d 1 
a — 2 
= — > ley, iSi 7 Aq ur 1-2. 
iz 








Similarly, choose ny so that when m < ng, 





























|en, 0] Teckle,4!€&« 
and A, > a°+3a° simultaneously. "When 4 — m, 1, ..., ng 
1 
1 |en il 1 
lle. Zl; I 
pub sj — x & ife, i250, and s; — jj m eme e, i 0. 
3 
We get 
ng ag n 
[5| = b Cng iSi F bo €, i86 T 285i 
ng+l n+l 0 
ns ng n, 
z D 614,684 = Aw = Dong 8 
notl at] 9 
ae 
1 lx 1 1 
dd en. jos udo 
= ai Ans a 21s, il a a x x 





5 1 1 
»(se3-u)- i-i > oa. 


Next choose n, so that 


8 4 | 
A,, > + 4a and i Cn, 


dl "Esse [Crag inl <a 

when m S m. Omitting details we get |t,,| >a. Pro- 
ceeding, also omitting details for the general case, we get 
\t,| > a” which becomes infinite. This contradicts the 


R2 
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regularity of the definition and the necessity of the third 
condition is established. 

We now wish to prove the sufficiency of the conditions, 
We shall assume that s$,—-0. This is warranted ; for 


lim (Cn, 9 80+ e FCn, nsn) 
n>n 
— slim (c, o ... 64, 4) + lim (Cp, o (S0—8) +.: + Cn, n (8a —8)) 
> rw 
= stlim (Cp, o (8,— 8) - ... +n, n (Su 8))- 
d 


Replace s—s; by s;. Next, choose € 7 0 and V so that when 
n>N [s,|«e Then 


n 
ba = (Cn, 9 8 to to, NSN) + > Cn, isie 
iN 
The expression in parentheses approaches zero. The next 
sum is in absolute value less than eM which is arbitrarily 
small. It results that /,, — 0, finishing the proof. 
If we write 


ty = > bn, k €i 
k=0 
the following theorem results as a corollary to the one just 
proved. 


Theorem 236. A necessary und sufficient condition that 
a definition by finite reference be regular is 


(1) lim bn, nol. 
n> oo 
n=l 
(2) D Joni bnin <M. 
220 


It should be noticed that in the proof of the preceding two 
theorems the condition cp, n x: 0 is not used. 


Theorem 237. A sufficient condition that a method of 
summation by infinite reference be regular is 
(1) lim cp, p = 0 for every k. 
noo 


(3) lim 2» d oom d 


AR. p 
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(3) > (engl <M (independent of n). 
k=0 
The first two parts of the condition are necessary for the 
regularity of the definition. 
Proof of this theorem is similar to portions of the proof of 
Theorem 235 and is not given. 


EXERCISES 


322-840. Examine the series whose general terms are given 
below for summability according to various definitions : 

(- Dek (- 1) ln, (— 1yci nè, (- Le nk, (- 1y-i LA 
q (m. —1) ... (n — b 1) gn, 


^77, l1, n, nt, nk, 
ki 





(— 101 eno, 
1 
3 en, (- att Len, 9-ne(og log n) v, e - (log log 5) e (— ps emu 


1 n! log 2 . log 3 ... logn 
wa(@+1)..(@+n)’ (@+log2)(@+log 3)... (z-- log v) 





841. Prove the theorem: HYPOTHESES: (i) an 2 4,,1 — 0; 

(ii) a,+a,+...+a, =b,. concLuston: 6,—6,+6,—b,+... 
o 
is summable C, with sum 4 > (—1)"a,. 
n=0 
342, Prove the theorem: HYPOTHESIS: > «,, is summable, 
n=0 

C,, with sum s. CONCLUSION: The series 





«o 
fay + > Uy +2 Ag+ 1 FNM, 


aad a (+ 1) 
converges to the sum s. 
c 
348. Prove the theorem: HYPOTHESES: (i) >> a, is sum- 
4-1 


wo oo 
mable, C,; (i) 7 a«|a,|? converges. CONCLUSION: > a, 
n=1 DES 
converges. 
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344. Examine each of the methods of § 12 for regularity. 


345. Investigate the boundary-value condition for each of 
the methods of $ 12. 


346, 847. State and prove theorems analogous to Theorems 
164 and 166 for Riesz summability of Dirichlet series. 


848, Discuss Riesz summability for 


o 


de ml 


A alti) (+n) 
Take A, = n. 
349. Discuss Riesz summability for 
À 


Sec. 
4a GN). (EHA) 


on 





CHAPTER XVIII 
ASYMPTOTIC SERIES 


The chief problems in a study of asymptotic series are, 
(i) the development of the series from the function frequently 
given implicitly by a differential or difference equation, 
(ii) the study of properties of the function by means of its 
corresponding asymptotic series. Such problems are omitted 
or but briefly studied in the present book. Consistent with 
this poliey only the rudiments of the theory of asymptotic 
series are given. 

Definition 62. A series, 

(1) yt Bt Btn (os py oy ane 
being constants, is suid to represent a function J (2) asympto- 
tically along a certain radius vector * if 


a [^ 4, 
JO =at ta teeta tew 


where €,2%—>0 when z—>œ along the radius vector in 
question. 

The existence of divergent series asymptotic to certain 
functions will be assumed. 

We shall use the notation 


a a, 
FQ) ~ ay + B+ Btn 


and when we deal with two asymptotic series at the same 
time we shall universally assume that the asymptotic vectors 
are the same. 


Theorem 238. HYPOTHESIS: 
a 4 
fe ~at e T zi +... 
b. b 
amd f@~h + 24+ Gt. 
Z Z í 
CONCLUSION: Gy = bo, 0) = Dys ee Ap = bpo eee 


* This definition is frequently generalized so that the radius vector is 
replaced by a sector or even the whole plane. 
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PROOF: From Definition 62 


(2) o= 


where aie zt > 0 hn z—»o along the asymptotic 
radius vector. Let z—> in this way and we have a, = by. 
Now multiply (2) through by z and repeat, finally arriving at 
the result &,, — b,, where » is any particular integer. 


=f fies Taba y epep, 





Theorem 239. HYPOTHESIS: 
LZ 
f(s)e«t zu z Tus 


b b 
and g()-5 rZ Ate 


CONOLUSION : 
ay 
SF (2) £9 (2) ~ (ay by) - 77 


Proof is so simple as to be d 

Theorem 238 shows that a given function cannot have 
more than one asymptotic development along à given radius 
vector. However, the same series may be the asymptotic 
development for more than one funetion. 


b, , a+b, 
t ES 


eio e S ues 

z z2 
along the positive axis of reals, Hence if 

44 a 

feat t ate 
along the positive axis of reals, 
fte, £z a +3 2... 

also. 


Theorem 240. HYPOTHESIS: 
f(z) ~ a+ e atg a Fay 


b b 
g(z)~ b+ 2tgBtj- 
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CONCLUSION: fg (9 mes I a P uus, 
Z z 


n 
where n= M ab. 


r=0 


PROOF: f(e) = 0 P a Pag ca gi + En Sfat éns 


b, bn 
(2) = by tS teat Ft tn m ute 


f (2) -g (2) — fu. gu NU FRETUM 
=at Tet 2 On es ga Nafa t ens 


where 9, is cither identically zero or a polynomial in : of 
degree not less than (n+1). When z—> œ, 0,2" — 0, also 
€,9,27* and nyf,2". The theorem follows. 


Theorem 241. HYPOTHESIS : 


+4 


fG)ea t +3 a tes 
b,  b 
g(z) ~b + x + ateo b, x: 0. 
CONCLUSION : TEIL, ES +3 2T. 
g@) 
where the coeficients, Cos Cy, Ca «.., are obtained by dividing 


one series formally by the other according to the usual rule 
for polynomials in algebra, that is they are determined by 
the equations 


bato = Qos 
be, + Bye, = a, 
5,6, t 0,0, t 0,05 = Qg, 


. 














250 ASYMPTOTIC SERIES 


f n 


€, — — 


fG) f. t Wu : 
PROOF: t0,, where 0,— sn. It is, of 
g@) Ia ^" CM CEU : 


course, assumed that z is so large that the denominators do 
not vanish. When ¢—>, e€,2" — 0, n,2" —. 0, f, — a, and 





Gn—> by. Consequently 2"6,—> 0. Moreover ^ = opt a 
n n 


where c, is a polynomial of degree not greater than n in 


: and œw, is either identically zero or à polynomial of degree 


"m 
at least n+1 in =. @,2"—>0 when z—»co. Hence 


fa. 
ge)" c, até, 


where 6, 2%—>0. o; is obtained by the usual division rule. 
The theorem follows. 


Theorem 242. HYPOTHESIS: 
a, €t, 
Fe~ Ro “a + A Tes 


CONCLUSION : 

= a, a a 
3 P L2 3 4 
(3) | feden 2+ t us 


the integration being along the asymptotic radius vector. 


PROOF: 
i f@de= [ f. G)de * iN e, (2) de. 


The first integral in the right-hand member exists and is 
obtained by integrating term by term. It gives the first 
m terms in the right-hand member of (3). Consider the 
second. When, with z on the asymptotic radius vector, |z| 
is so large that |e, (2)2”| < 1 and |b] > |z|, b being also on 
the radius vector, 
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=- alae iun ] 1 
~ ati Liz ptt pr l^ a [ep 
when |b|—> œ. Consequently I €, (z) dz exists and 
z 


af €, (2) de — 0 
z 
when z—> œ. The theorem follows. 


Theorem 243, HYPOTHESIS: 


(4) fo. tte. and 
(5) feb... 


CONCLUSION: each term in (5) is the derivative of the corre- 
sponding term 4n (4). 
PROOF: Apply the previous theorem to development (5). 
by by 
f) M Rus 


But by Theorem 238 a function admits but one asymptotic 
development along a given vector, hence 


b. 
b, =-=, m SA Ag, e 


A function may have an asymptotic development and its 
first derivative not have an asymptotic development, along 
the same asymptotic radius vector at least. An example 
illustrative of this fact is 


s 0 0 
æ) = ef $ w OH — = te 
fæ) = esine Tot t 
along the positive real axis. 


J’ (x) 2 —e^* sin e” + cose” 
which is not asymptotic to 


0, 0 
0c —- es 
vc a 








"n 
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and no other asymptotie development is possible along this 
radius vector by the previous theorem. 


Theorem 244. HYPOTHESES: 


() f@)=a+we)s Gi) w@~S+ 34.5 
ath ts , EY (a) 
(iii) F (a+ w) = F (a) +E” (t) w + =T wW 


1 
» 


FON (a), FO (ag) e, (w) T 
n! 


En (w) 
(n—1)! m! 


t = Fa (w) + 


where lim e, (w) = 0. CONCLUSION: 


w-»0 
F(f)~ Play) Pie Brei R 
where Pi, Pas Das oo, are the coefficients of the successive 
powers of > obtained by substituting in F,, (w) the asymptotic 
development from (ii) of the hypothesis. 
PROOF: By combining theorems 239 and 240 we have 


CF (ag)  F'(aj) a4 P" (a) wet... 


2! 
(n) (a D 
FO) ay mw F(a) + Pi Pt a, 
n! v g 
Hence 
af z 
F (atw) = F(a)+ Z5 + 5 Tpi pipe T m we, 


where lim 7,,(z) = 0. Moreover when z —> œ% ep (w) w”z®—>0 
g—0 


The theorem follows by Definition 62. 


EXERCISES 


350. Give an example of a function and corresponding 
divergent asymptotic series, 


851. Ifc (z) is the funetion given for Exercise 350, find an 
asymptotic development for sin (a + w (z)). 
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352. Give an example, not given in the text, of two 
functions that have the same asymptotic development along 
the same radius vector. 


353. The series of Definition 62 are called asymptotic 
power series, Give an analogous definition for asymptotic 
Dirichlet series. 


354, Prove at least one theorem relative to asymptotic 
Dirichlet series as defined under Exercise 353. 
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